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Abstract. In this paper, we prove a homological mirror symmetry equivalence
for pairs of multiplicative hypertoric varieties, and we calculate monodromy
autoequivalences of these categories by promoting our result to an equiv-
alence of perverse schobers. We prove our equivalence by matching holo-
morphic Lagrangian skeleta, on the A-model side, with non-commutative
resolutions on the B-model side. The hyperka¨hler geometry of these spaces
provides each category with a natural t-structure, which helps clarify SYZ
duality in a hyperka¨hler context. Our results are a prototype for mirror
symmetry statements relating pairs of K-theoretic Coulomb branches.
1. Introduction
In this paper, a sequel to [MW], we realize a homological mirror symmetry equiv-
alence for multiplicative hypertoric varieties.
Multiplicative hypertoric varieties are variants of the more familiar toric hy-
perka¨hler, or “additive hypertoric,” varieties defined in [BD00, Kon00]. Both multi-
plicative and additive hypertoric varieties appear as the simplest examples of, and
hence an excellent testing ground for, a class of hyperka¨hler manifolds arising from
supersymmetric gauge theory and of great interest in geometric representation the-
ory. Additive hypertoric varieties appear as Coulomb branches of 3d N = 4 gauge
theories, as first constructed in [BFN], with abelian gauge group. Their multiplica-
tive cousins appear as Seiberg-Witten systems governing 4d N = 2 theories, and
after compactification on a circle they appear in the K-theoretic Coulomb branch
construction from [BFN] (see also [Telb, FT] for further descriptions of these spaces).
We should emphasize that while the appearances of quantum field theory above
are in dimensions above 2, in this paper, we only consider “mirror symmetry” in the
sense of the duality of 2d N = (2, 2) theories familiar to mathematicians from, for
example, the work of Kontsevich [Kon95]. It would be interesting to understand our
results from the perspective of 3- or 4-dimensional constructions in field theory.
1.1. SYZ mirror symmetry. From the perspective of mirror symmetry, the salient
feature of multiplicative Coulomb branches is the presence of a Hitchin fibration: to
a first approximation, these spaces are hyperka¨hler manifolds admitting the structure
of an integrable system whose generic fiber is a holomorphic Lagrangian torus. The
mirror, obtained by “dualizing the torus fibration” a´ la [SYZ96] (a procedure which
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Homological mirror symmetry for hypertoric varieties II
must be corrected in general for singular fibers), will be a space with the same
structure. The expectation is that the symplectic geometry of each of these spaces
should be equivalent to the algebraic geometry of its mirror.
The simplest multiplicative hypertoric variety is the affine variety
(T∗C)◦ := C2 \ {zw + 1 = 0}.
As discussed in [Aur07, Section 5.1], this space admits a fibration by 2-tori with
a single nodal torus fiber, and it is self-mirror. The space (T∗C)◦ is holomorphic
symplectic, and the S1 action eiθ · (z,w) = (eiθz, e−iθw) is quasi-hyperhamiltonian, with
a moment map valued in T∨ × t∨R; as described in Section 2, this can be lifted to a
hyperhamiltonian action, with Lie algebra-valued moment map, on the universal
cover of (T∗C)◦.
All multiplicative hypertoric varieties are given as hyperhamiltonian reductions
of (T∗Cn)◦ := ((T∗C)◦)n by a subtorus TR of (S1)n. Hence a multiplicative hypertoric
variety U is determined by two pieces of data:
(1) a subtorus T ⊂ (C×)n complexifiying TR; and
(2) a hyperhamiltonian reduction parameter, which we can split into a complex
moment map parameter β ∈ T∨ and a GIT stability parameter δ ∈ t∨R.
As we’ll see below, following these parameters under mirror symmetry forces us
to equip the variety U with the additional data of a B-field parameter γ ∈ T∨R. The
B-field, as a class in H2(U;R/Z), can be recovered from γ by the Kirwan map.
Consider a pair (β, α) ∈ (T∨)2 with the unique factorization α = γ · exp(δ) for
γ ∈ T∨R and δ ∈ it∨R, and let U(β,α) be the corresponding multiplicative hypertoric
variety. The variety U(1,1) is singular; the varieties U(β,1) and U(1,α) are a smoothing
and a resolution, respectively. Hence U(β,α) will be smooth as long as (β, δ) lies in the
subset of T∨ × t∨R ⊂ (C∗ × R)n where none of the coordinates equals (1, 0) ∈ C∗ × R.
(If (β, δ) = (1, 0) but γ is generic, the underlying variety U(β,α) is singular but the γ
parameter specifies a noncommutative resolution.)
The diffeomorphism type of the underlying manifold U(β,α) does not depend on
(β, α), so long as they avoid the locus above, but its isomorphism type as an algebraic
variety depends on β (and not α) and its induced Ka¨hler form only on δ. Work
of Hori-Vafa [HV00], codified by Teleman in [Tela], suggests that the operations of
passing to a level of the complex moment map and applying GIT reduction for the
torus are exchanged by mirror symmetry. Applying this observation twice, we expect
the following:
Ansatz 1.1. Fix a torus T ⊂ (C×)n and parameters (β, α) ∈ (T∨)2 as above, and write U(β,α)
for the resulting multiplicative hypertoric variety. Then U(β,α) and U(α,β) are an SYZ mirror
pair.
The homological mirror symmetry statement we prove in this paper will be in the
setting where the B-side variety has β = 1, and the A-side has α = 1. (This implies
in particular that the A-side variety is affine with exact symplectic form.) Moreover,
we will focus on the case where the nontrivial parameter lives inside the compact
real torus T∨R, which will allow us to take advantage of the holomorphic symplectic
geometry of these varieties.
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Remark 1.2. In some sense, Ansatz 1.1 is a corollary of the main results of our paper (at
least in the case where both β and α lie in the compact real torus T∨R and one of them is the
identity in T∨R), and in Section 2.2 we also explain how it follows from the constructions in
[AAK16]. The reason we state this result as an ansatz rather than a theorem is that the
statement involves a B-field parameter, which the definition of SYZ mirror pairs in [AAK16]
is not equipped to see. For instance, [AAK16, Remark 1.3] gives an example of SYZ pairs
in this sense which are not homological mirror pairs because of the presence of a B-field term.
In order to state the best version of Ansatz 1.1, we would need a more refined definition
of SYZ mirror pairs which does take into account the B-field; this definition should have the
desideratum that SYZ pairs should always be homological mirror pairs. We do not attempt
to provide such a definition in this paper, but it is certain that the varieties U(β,1) and U(1,β)
satisfy any such definition, as a result of the equivalence of abelian categories underlying our
homological mirror symmetry equivalence. In the absence of a B-field term, this equivalence
would match up SYZ fibers (as objects of the Fukaya category) on one variety with point
sheaves on the mirror. The analogous statement in our situation would first require a concept
of point sheaves on a noncommutative resolution.
The above result is also very close to the SYZ mirror symmetry proven in [LZ18], the
difference being that we begin with a multiplicative rather than additive hypertoric
variety. We speculate on the relation between these results in Section 1.5.
1.2. Fukaya categories from Lagrangian skeleta. Computation of the Fukaya cate-
gory of an affine variety has recently become much more tractable, thanks to work
of Ganatra, Pardon, and Shende on Fukaya categories of Liouville sectors, following
a conjecture by Kontsevich [Kon09] and subsequent work by many other mathe-
maticians on constructible-sheaf approaches to mirror symmetry. The main object of
study, in this approach, is the Lagrangian skeleton L of a Weinstein manifold X: the
skeleton L is defined as the locus of points which do not flow off to infinity under
the Liouville flow on X.
The skeleton L should be understood (at least in nice cases) as encoding the data
of a cover of the Weinstein manifold X by Liouville sectors Ui. The main result of
[GPS18a] is the following:
Theorem ([GPS18a]). Fukaya categories of Liouville sectors form a precosheaf of categories.
For the purposes of this paper, we will assume a strengthening of this result,
originally conjectured by Kontsevich, which has been promised but not yet proved
by the authors of [GPS18a]:
Conjecture 1.3. Fukaya categories of Liouville sectors form a cosheaf of categories.
This would imply that the Fukaya category of X can be assembled from local
computations on its Lagrangian skeleton L. Moreover, the results of [GPS18b] imply
that these calculations are equivalent to calculations of categories of constructible
sheaves.
To apply these results in our case, we first define a Liouville structure on U(β,1) and
calculate its corresponding skeleton:
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Proposition 1.4 (Proposition 2.10 & Proposition 2.18). There exists a Liouville structure
on U(β,1) with associated Lagrangian skeleton L a union of orbifold toric varieties Xi, whose
moment polytopes are chambers of a certain toric hyperplane arrangement Ator. Moreover, if
we assume that β ∈ T∨ is actually contained in the compact real torus T∨R, then we can choose
L so that it is actually holomorphic Lagrangian.
Recall that a holomorphic Lagrangian (or “(B,A,A)”) brane in a hyperka¨hler man-
ifold is a subspace which is Lagrangian with respect to Ka¨hler forms ωJ and ωK,
and holomorphic with respect to complex structure I. The special complex structure
(defined only on an an open subset of U(β,1)) in which L becomes holomorphic will
be called the Dolbeault complex structure.
Knowledge of a holomorphic Lagrangian skeleton is even better than knowledge
of a Lagrangian skeleton, as it gives us a t-structure. By applying the Nadler-
Zaslow-type theorem proved in [GPS18b], we know that in a neighborhood of each
LagrangianXi, the Fukaya category looks like a category of sheaves onXi constructible
with respect to the toric stratification. Using the (Dolbeault) complex structure on
L, we can define an abelian subcategory of perverse sheaves on Xi with singularities
along toric strata. This should model the Fukaya category of holomorphic Lagrangian
branes near Xi, again in the Dolbeault complex structure [Jin15].
The resulting stack of microlocal perverse sheaves can be described by purely
linear-algebraic data. Thus, by gluing together categories of perverse sheaves on
toric varieties, we produce a description of the Fukaya category of U(β,1) as a category
of modules for a certain quiver with relations Q. This quiver has one vertex for
each chamber of Ator (with self-loops for the monodromies of the open torus of Xi), a
pair of opposite edges for each facet shared by a pair of chambers, and the relations
that the composition of one of these edge pairs is equal to monodromy around the
corresponding toric divisor.
Remark 1.5. As noted above, the above t-structure on Fuk(U(β,1)) is very useful for under-
standing SYZ mirror duality. In particular, the moduli of torus-like objects supported on
SYZ fibers is in this context precisely the moduli space ofQ-modules with dimension vector
(1, . . . , 1).
1.3. Homological mirror symmetry. On the B-side, we need to compute the category
of coherent sheaves Cohdg(U(1,β)). For a generic choice of β, U1,β is a resolution of the
singular space U(1,1). However, to match the A-side description given above, we
will have to treat this category instead as the (quasiequivalent, but with a different
t-structure) category of coherent sheaves on a noncommutative resolution of U(1,1).
The noncommutative resolution appears because our A-side description came from
a holomorphic Lagrangian skeleton, which exists when β ∈ T∨R; on the B-side, this is
the requirement that we consider the most singular affine multiplicative hypertoric
variety, with β = 1 and δ = 0, leaving γ as the only nontrivial parameter. This B-field
specifies a sheaf of algebras on U(1,1), which can be understood as a noncommuta-
tive crepant resolution in the sense of [vdB04a]. Following the approach of Kaledin
and others [Kal08], this noncommutative resolution can be produced by quantiza-
tion in characteristic p, where γ now plays the roˆle of a noncommutative moment
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map parameter for quantum Hamiltonian reduction. The resulting noncommuta-
tive resolution is a special case of constructions of line operators in gauge theory,
described mathematically through the extended BFN category of [Webb]. These
quantum Hamiltonian reductions were constructed for additive hypertoric varieties
in [Sta13, MW] and for multiplicative hypertoric varieties in [Gan18, Coo].
The category Coh(U(1,β)) is explicitly described as a category of modules over a
certain quiver with relations. This quiver with relations can be expressed in terms of
the combinatorics of the hyperplane arrangement Ator in exactly the same way as the
quiver describing the Fukaya category ofU(β,1). By comparing these two descriptions,
we reach our main theorem (Theorem 4.10):
Theorem A. Assuming Conjecture 1.3, we produce an equivalence of categories
Fuk(U(β,1))  Cohdg(U(1,β))
between the Fukaya category of the affine MHT U(β,1) and category of coherent sheaves on
U(1,β). Moreover, if we assume that β is in T∨R ⊂ T∨ then this equivalence is induced from an
equivalence on the hearts of the natural t-structures as defined above.
1.4. Perverse schobers and monodromy. The mirror symmetry equivalences proved
in Theorem 4.10 live above the components of T∨R where β is generic. These com-
ponents are separated by each other by walls of (real) codimension 1. However,
inside the full moduli space T∨ of β, these walls are of complex codimension 1, so it
is natural to want to follow these mirror symmetry equivalences around the walls,
to produce derived equivalences between the categories located at various choices
of generic β ∈ T∨R or in other words a local system of categories over the complement
T∨gen of the discriminant locus.
In this paper, we prefer to study only those categories living above T∨R, since this
is where the Lagrangian skeleton and hence also the t-structure are most tractable.
Luckily, there is a way to compute the aforementioned local system of categories
using only categories living over T∨R, if we understand the relation of the categories
computed above to the “singular Fukaya categories” living above parameters β in the
discriminant locus of T∨.This method uses the technology of perverse schobers [KS16,
KS, BKS18] developed by Kapranov and Schechtman. Previous uses of perverse
schobers to study families of varieties include [HLS16, BKS18, DK].
Expectations for the B-side schober controlling families of resolved Coulomb
branches were sketched in [Weba]; In Section 5, we compute this schober explicitly
in the case of multiplicative hypertoric varieties. We then define an A-side perverse
Schober from Fukaya-categorical data associated to the family U(β,1), and finally we
prove that these two schobers agree (Theorem 5.15):
Theorem B. The A-side perverse schober defined in Section 5.3 is equivalent to the B-side
perverse schober defined in [Weba], and both of them can be described explicitly in terms of
representations of a certain quiver.
1.5. Relation with part I. The part I of this series [MW] concerned mirror symmetry
for additive hypertoric varieties. The SYZ geometry of this situation was described
in [LZ18]:
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Theorem 1.6 ([LZ18]). Let M be an additive hypertoric variety. Then M is SYZ mirror to
an LG model (U∨,W : U → C) whose underlying space U∨ is a multiplicative hypertoric
variety. In other words, the complement inM of a divisorD is SYZ mirror to the multiplicative
hypertoric variety U∨.
In this paper, we explain that the multiplicative hypertoric variety U∨ is mirror to
another multiplicative hypertoric variety U. This leads us naturally to the following
conjecture:
Conjecture 1.7. Let U be a multiplicative hypertoric variety. Then there exists an additive
hypertoric variety M, a divisor D ⊂M, and an isomorphism U M \D .
Remark 1.8. Unlike the remainder of the results described in this paper, which are expected to
hold in some form for multiplicative Coulomb branches more generally, the embeddingU→M
given by the above conjecture is special to hypertoric varieties and is not expected to exist in
general. The best relation we can hope for between general additive and multiplicative varieties
is the formal comparison isomorphism described in Theorem 4.3. Using the description of
additive/multiplicative Coulomb branches as Spec of the homology/K-theory of a space, this
map can be understood as a manifestation of the Chern character map from K-theory to
homology.
The above conjecture suggests a concise explanation of the relation between the
results of this paper and those of [MW].
Fix β ∈ T∨R; attached to this, we can define U = U(1,β) as before as a hyperka¨hler
variety with noncommutative resolution. Similarly, we can consider the additive
hypertoric variety M = M(0,β) with complex moment map parameter 0 and the same
real moment map parameter δ and B-field γ. Write Cohdg(M)0 for the category of
coherent sheaves on M which are supported on the completion of M at the zero fiber
of the moment map to d∨. This is one of the categories of coherent sheaves studied
in [MW].
Since the zero moment map fiber does not intersect the divisor D described in
[LZ18], this category is equivalent toCohdg(M\D)0 and hence equivalent to a category
Cohdg(U)1 of coherent sheaves on a completion of U on the fiber over 1 ∈ D∨.
Although we do not prove Conjecture 1.7, we are able to construct directly the
desired equivalence on formal completions; this is Theorem 4.3 below. Thus, we
obtain an isomorphism
(1.1) Cohdg(U)1  Cohdg(M)0.
Since this is submerged in the notation, we note that this result holds for a general
value of the parameter β ∈ T∨, and we highlight two special cases. When γ = 1,
the varieties M and U are “purely commutative” resolutions of the singular affine
additive/multiplicative hypertoric varieties, and (1.1) is an equivalence of categories
of coherent sheaves. However, when δ = 0, then (1.1) is an equivalence of module
categories for the non-commutative resolutions M and U. In fact, this theorem is a key
technical tool and motivating observation for the non-commutative resolution we
construct.
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Under the homological mirror symmetry equivalence from Theorem 4.10, we see
that the passage fromCohdg(U) toCohdg(U)1 is mirrored by passing from the category
Fuk(U∨) to the category Fuk(U∨)uni where we require the monodromies on each
component of L to be unipotent.
A different incarnation of this A-brane category was produced in [MW] by studying
a category DQ of DQ-modules supported on the union of toric varieties L with
unipotent monodromies on the components of L. In order to specialize the category
DQ at a particular quantization parameter h = 1, the authors of [MW] use a grading
on DQ, mirror to the conic C×-action on M, coming from the Hodge theory of DQ-
modules. (It would be interesting to understand better how this sort of C∗-action
interacts with mirror symmetry in general.)
By composing the microlocalization functors discussed in [MW, §4.4] with the
usual solutions functor from D-modules to constructible sheaves, we produce a fully
faithful functor
Sol : DQh=1 → Fuk(U)uni,
explaining the relation of a version DQh=1 of DQ specialized at h = 1 to the perverse-
sheaf approach to the Fukaya category discussed in this paper.
To produce a full statement of homological mirror symmetry for the additive
hypertoric variety M, we would have to take into account the superpotential W.
In the language of Liouville sectors and skeleta, this would entail adding to the
Lagrangian skeleton L discussed above a noncompact piece asymptotic to the fiber
of W. Taking into account this piece has the effect of allowing some monodromies
on components of L to become noninvertible, which on the mirror is the difference
between M and M \D .We will not explain the details of this procedure in this paper.
1.6. Notation. The basic combinatorial datum in this paper is a short exact sequence
1 → T → D → G → 1 of complex tori. We write GR (and similarly for D and T)
for the compact real torus inside G; G∨ for the dual torus, containing compact torus
G∨R; and we write g, gR, g
∨, g∨R for their respective Lie algebras; hence we also write
igR, ig∨R for the Lie algebras of the split real tori in G,G
∨. (Note that since we write GR
for the compact real form of G instead of the split, our conventions on which part of
the torus is “real” and which “imaginary” are reversed from [Tela]. )
The pair of parameters (β, α) on which the definition of multiplicative hypertoric
varieties depends lives in T∨ × T∨. We will sometimes find it useful to factor
α = γ · exp(δ),
where γ ∈ T∨R and δ ∈ it∨R. For instance, if T∨ is identified with C×, then γ = e2pii Arg(α),
and δ = log |α|.
We will also write
gH := gR ⊗R R3 = g ⊕ gR
for the “quaternionified Lie algebra” of G, and g∨Z := X
•(G) for the character lattice of
G.
In this paper, we use both dg categories and abelian categories; we will always be
explicit about which are which. All limits, colimits, sheaves, etc. of categories are
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always taken in the appropriate homotopical sense. Here we make clear our notation
for various flavors of categories we consider:
• For X an algebraic variety, we writeCoh(X) for the abelian category of coherent
sheaves on X, and Cohdg(X) for the dg-category of complexes in this category.
• For A a (possibly dg) algebra, we write A -moddg for the dg category of com-
plexes of A-modules. In the case where A is an underived (i.e., concentrated
in degree 0) algebra, we write A -mod for the abelian category of A-modules.
• For M a Liouville sector, we write Fuk(M) for (an idempotent-complete, dg
model of) the Fukaya category of M as defined in [GPS18a].
• For X a manifold, we write Sh(X) for the dg category of possibly infinite-rank
complexes of sheaves on X with constructible cohomology. If X is a complex
manifold, we write Perv(X) for the abelian category of possibly infinite-rank
perverse sheaves on X.
• In general, for C a dg category equipped with a t-structure, we write C ♥ for
the abelian category which is its heart.
We also study various classes of closely-related spaces, whose notation we list here:
• The letter M always denotes a toric hyperka¨hler variety, which we refer to
in this paper as an “additive hypertoric variety,” to distinguish it from its
multiplicative analogue.
• Multiplicative hypertoric varieties will be denoted by U. We will sometimes
call this a “Betti MHT” to distinguish it from its Dolbeault version.
• The “Dolbeault version” of a multiplicative hypertoric variety, which lives
at a special point on the twistor P1 where the Lagrangian skeleton becomes
holomorphic, is denoted by UDol.
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2. Multiplicative hypertoric varieties
Here we begin by describing the construction of toric hyperka¨hler varieties and
their multiplicative versions. The most basic hypertoric variety is the space T∗Cn,
which is holomorphic symplectic and in fact hyperka¨hler, which is obvious from its
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identification withHn. All other additive hypertoric varieties will be hyperhamilto-
nian reductions of this space.
Hence we begin with the data of a split k-dimensional algebraic torus T overC and
a faithful linear action of T on the affine space Cn, which we may assume is diagonal
in the usual basis. Furthermore, we assume that no coordinate subtorus lies in the
image of T. In other words, letting D  Gnm be the group of diagonal matrices in this
basis, we have a short exact sequence of tori
(2.2) 1 −→ T −→ D −→ G −→ 1.
The action of D on Cn induces a hyperhamiltonian action of DR on T∗Cn, hence a
hyperka¨hler moment map µH : T∗Cn → d∗ ⊗ R3, which we factor into algebraic and
real parts as
(2.3) (µC, µR) : T∗Cn −→ d∨ ⊕ d∨R, (zi,wi)ni=1 7−→
(
(ziwi), (|zi|2 − |wi|2)
)n
i=1
.
By restricting along the inclusion T ↪→ D, we also have an action of T and hence
a hyperka¨hler moment map to t∨ × t∨R. This moment map is obtained by composing
the moment map (2.3) with the the maps obtained by dualizing the inclusion t→ d.
From now on, we will use µH = (µC, µR) to denote this moment map.
Fix (β, δ) ∈ t∨ ⊕ t∨R = t∨H.
Definition 2.1. The hypertoric variety Y associated to the data of the short exact sequence
(2.2) and the choice of (β, δ) is the hyperhamiltonian reduction T∗Cn//(β,δ)TR of T∗Cn by TR
with parameters (β, δ). In other words, Y is the GIT quotient of µ−1
C
(β) by T at character δ.
There are many natural ways to produce a “multiplicative” or “loop-group” ver-
sion of the above construction. The construction we describe below produces a
multiplicative hypertoric variety U. We refer to the complex structure that arises
naturally in our construction as the Betti complex structure. Later, we will into in-
troduce a Dolbeault complex structure, for which our preferred Lagrangian skeleton
of U becomes holomorphic.
2.1. The Betti MHT. Our construction now proceeds exactly as before, except that
we replace the space T∗Cn with its multiplicative version
(T∗Cn)◦ := {(z1, . . . , zn,w1, . . . ,wn) | ziwi , −1} ⊂ T∗Cn,
equipped with a holomorphic symplectic form ΩK :=
∑n
i=1
dzidwi
1+ziwi
, as well as a Ka¨hler
formωK coming from its Stein structure – for instance, as the pullback of the standard
Ka¨hler form along a closed embedding in C3n. (Later, when describing the skeleton
and the hyperka¨hler structure, we will find it convenient to replace ωK with different
but homotopic Ka¨hler forms.) We will write ωI and ωJ for the real and imaginary
parts of ΩK, respectively.
Remark 2.2. One difference between additive and multiplicative hypertoric varieties is the
absence of a complete hyperka¨hler metric on the latter. As we shall see, however, a complete
hyperka¨hler metric does exist on an open subset of (T∗Cn)◦, and our constructions are most
natural from the perspective of this hyperka¨hler structure.
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Nevertheless, our multiplicative varieties have perfectly good holomorphic symplectic struc-
tures, from which we can define moment maps for hyperhamiltonian torus actions; it will be
helpful to keep in mind that the resulting hyperhamiltonian reductions will actually become
hyperka¨hler quotients when we restrict to the locus where a complete hyperka¨hler metric
exists.
As in the additive case, D acts on (T∗Cn)◦, although with respect to ΩK the action
is now quasi-Hamiltonian in the sense of [AMM98] (see also [Saf16] for a modern
perspective): to the D-action is associated a moment map µ˚C× valued in the group
D∨. This D-action is quasi-Hamiltonian for the holomorphic symplectic form ΩIJ,
and the DR action is Hamiltonian for the third symplectic form ωK, so that we have
a quasi-hyperhamiltonian moment map
(µ˚C× , µ˚R) : (T∗Cn)◦ −→ D∨ × d∨R, (zi,wi)ni=1 7−→
(
(ziwi + 1), (|zi|2 − |wi|2)
)n
i=1
.
From now on we use µ˚C× , µ˚R to denote the composition of the above maps with the
pullbacks D∨ → T∨, d∨R → t∨R.
Now let β ∈ T∨, α = γ · exp(δ) ∈ T∨.
Definition 2.3. The multiplicative hypertoric variety U(β,α) associated to the data of the
short exact sequence (2.2) and (β, α) is the GIT quotient µ˚−1
C×(β)/ δT, equipped with the B-field
determined by δ. (The B-field term will be taken to be trivial until Section 4; we will discuss
its meaning there.) Where the parameters (β, α) are either already clear or else irrelevant, we
will sometimes refer to this variety just as U.
As in the case of additive hypertoric varieties, the variety associated to parameters
(β, δ) = (1, 0) is singular and affine; the first parameter controls a smoothing, and the
second a resolution, of the singular variety U(1,1). In particular, for suitably generic
β, the variety U(β,1) is smooth and affine. In this paper, we will be interested in the
symplectic geometry of this affine variety; we will see that the mirror to this space is
a (possibly noncommutative) resolution of U(1,1).
We can be more explicit about the space of generic parameters β for which the
variety U(β,δ) is smooth:
Definition 2.4. The support of an element x ∈ dZ = Zn is the subset of {1, ...,n} consisting
of coordinates with nonzero coefficient.
A signed circuit of dZ is a primitive element in the image of tZ with minimal support.
Note that if σ is a signed circuit, then so is −σ. A circuit is the support of a signed circuit.
Definition 2.5. The orthogonal complement to a circuit σ ∈ tZ determines a codimension
one subtorus T∨σ ⊂ T∨. The parameter β ∈ T∨ is said to be generic if it does not lie in T∨σ for
any circuit.
From now on, unless otherwise specified, we assume that β is generic in this sense.
Note that if we restrict our parameter space to the compact torus T∨R, the generic
parameters form an open dense subset–in fact, as we will describe in more detail
later, they are the complement of a toric hyperplane arrangement.
We will need one further piece of structure on U(β,α). The action of D on (T∗Cn)◦
descends to an action on U(β,α) factoring through the torus G = D/T. The latter has a
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multiplicative moment map
(µ˚C× , µ˚R) : U(β,α) −→ D∨ × d∨R
which is just the restriction of the corresponding map for D, and has image given by
a translate of G∨ × g∨R determined by (β, δ).
2.2. Symplectic geometry and SYZ duality. Here we describe the two most impor-
tant features of the symplectic geometry of U(β,1) : first, a Lagrangian torus fibration
(with singularities) over a contractible base, and second, the roˆle of the central fiber
in the fibration as the skeleton for a natural Weinstein structure on U(β,1).
Example 2.6. Consider again the hyperka¨hler moment map µ˚H : (T∗C)◦ → C× ×R, which
we can present more invariantly as a map with codomain R × S1 ×R, given by
(z,w) 7−→ (log |zw + 1|,Arg(zw + 1), |z|2 − |w|2).
Consider the map
µ˚I,C : (T∗C)◦ → R2, (z,w) 7→ (log |zw + 1|, |z|2 − |w|2)
obtained by composing µ˚ with the projection onto the two copies of R. The fiber of this map
over any nonzero point is a Lagrangian 2-torus, and the fiber over the central point is a nodal
curve. This space is known to be mirror to itself: see for instance [Aur07, Section 5.1] for a
detailed discussion. SYZ mirror symmetry dualizes all the smooth tori in the fibration; that
this space is self-mirror should be understood as the statement that the dual of a nodal curve
is itself a nodal curve.
The space (T∗Cn)◦, as a product of copies of (T∗C)◦, is similarly self-mirror. We
can arrive at mirror symmetry statements for all multiplicative hypertoric varieties
by applying the following principle from [Tela, Conj. 4.2] (implicit in the work of
[HV00]):
(1) A Hamiltonian action of a torus TR on a space X equips the mirror with a map
f : X∨ → T∨, and furthermore
(2) the mirror to the Hamiltonian reduction X/ δTR with B-field γ is the fiber f −1(α)
where α = γ · exp(δ)
As mentioned before, we have to be careful since Teleman is using the split real
form and we are using the compact. In the notation of [Tela], we would have
δ = −i Re(log(α)) and γ = exp(Im(log(α))).
In our case, we begin with the space X∨ = (T∗Cn)◦, with mirror X = (T∗Cn)◦ also.
The mirror to the Hamiltonian (for the real symplectic form ωJ) TR action on X∨ in
the sense of (1) above is the T∨-valued moment map on X, and vice versa.
Now note that a multiplicative hypertoric varietyU is obtained from X = (T∗Cn)◦ in
two steps: first, we take the preimage of a complex moment map value β; according
to the above, the mirror to this preimage is the Hamiltonian reduction X∨/ δ′TR of X
with B-field γ′ such that β = γ′ exp(δ′).
Second, we take the Hamiltonian reduction µ−1
C×(β)/δTR of the preimage µ
−1
C×(β) by
the torus TR at real moment map value δ and imposing B-field γ; on the mirror
X∨/ δ′TR, this corresponds to imposing the complex moment map value α = γ exp(δ).
The result of this analysis is the following:
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Ansatz 2.7. For (β, α) ∈ (T∨)2, the multiplicative hypertoric varieties U(β,α) and U(α,β) are an
SYZ mirror pair.
As we explain in Remark 1.2, we take the above mostly as a motivating principle,
both because we lack the correct definition of “SYZ mirror pair” necessary to make the
statement precise, and because the best proof of this statement uses the homological
mirror symmetry equivalence which we prove later in the paper. To justify the above
reasoning, however, we must explain why the complex moment map is mirror to the
T-action on (T∗Cn)◦.
The relation between these can be read directly off the results of Abouzaid, Auroux
and Katzarkov [AAK16, Section 11] on mirror symmetry for complete intersections
in toric varieties. One aspect of that work is a construction of mirror symmetry
between a conic bundle of the form
X0 = {(x,y, z) ∈ (C×)n × Cd × Cd | fi(x) = yizi}
and its mirror, which is a (C×)n-invariant open subset Y0 of an n + d-dimensional
toric variety Y. Implicit in this framework is that the projection X0 → (C×)n is dual
to the action of (S1)n on Y0. In particular, passing to a level of a character on (C×)n
corresponds to the dual Hamiltonian quotient of Y0, expressed by intersection of the
polytope ∆Y with a linear subspace tropicalizing the character.
Indeed, these constructions can be seen directly in [AAK16]. Write (T∗Cn)◦ in the
above form via the the description
(2.4) (T∗Cn)◦  X0 := {(x1, . . . , xn, z1, . . . , zn,w1, . . . ,wn) ∈ D∨ × T∗Cn | ziwi = xi − 1}.
Let fi(x1, . . . , xn) = xi − 1, and let ϕi(ξ1, . . . , ξn) = max(ξi,−1) be its tropicalization.
Then we know from [AAK16, Theorem 11.1] that the mirror to (T∗Cn)◦ is
Y0 := Y \ {W1 · · ·Wn = 0},
where Y is the toric variety with moment polytope
(2.5) ∆Y = {(ξ1, . . . , ξn, η1, . . . , ηn) ∈ Rn ×Rn | ηi ≥ ϕi(ξ1, . . . , ξn) = max(ξi,−1)},
and Wi = 1 + vi,where vi is the unique toric monomial with weight (0, . . . , 0, 1, . . . , 0),
nonzero only in the (n + i)th entry. The polytope ∆Y is isomorphic to the positive
orthant in R2n, and so Y  C2n. However, because this polytope is embedded in an
unusual way, the monomial vi is equal to ziwi. Thus, we have an isomorphism
Y0  (T∗Cn)◦,
matching the known result that this space is self-mirror, as we explained above, the
complex moment map for D is dual to the action of DR on the dual (T∗Cn)◦.
Remark 2.8. A result very similar to the above appeared as the main result of [LZ18]. Those
authors begin with an additive hypertoric variety M and then compute, using the techniques
but not the results of [AAK16], that the complement of a divisor D in M is SYZ mirror to a
multiplicative hypertoric variety U. We thus conjecture that the variety M \D is isomorphic
to a multiplicative hypertoric variety; if this is true, it would give an alternative approach to
the result of [LZ18].
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Remark 2.9. The above SYZ duality can also be understood as the statement that the singular
variety U(1,1) is self-mirror and moreover that the mirror map between the complex-structure
and (extended, complexified) Ka¨hler parameter spaces T∨ and T∨ is the identity.
We focus now on the multiplicative hypertoric variety U(β,1), whose symplectic
geometry we are going to investigate. For the remainder of this section, we will
always assume α = 1 and β is contained inside the compact real torus T∨R.
Recall that we have a residual action of the torus G onU(β,1) with quasi-hyperhamiltonian
moment map. As in Example 2.6, we write
µ˚I,C : U(β,1) → g∨R ⊕ g∨R  g∨
for the composition of the moment map with the projection to the first and third
factors of G∨ × g∨R = g∨R ×G∨R × g∨R. (The notation reflects that this will be the complex-
valued part of the quaternionic moment map in complex structure I.)
Proposition 2.10. L := µ˚−1I,C(0) is a skeleton for the Stein manifold U(β,1).
Proof. We begin with the case (T∗C)◦, where the result is already known, by several
different methods. For instance, one can begin with the Lefschetz fibration µ˚C× :
(T∗C)◦ → C×, which has generic fiber C× and one singular fiber. Let S1 ⊂ C× be a
small circle in the base, and A ⊃ S1 an annulus containing S1 but not containing the
singular value 1.Then µ˚−1
C×(A) is symplectomorphic to (C
×)2 and has skeleton a 2-torus
obtained by parallel transporting a belt circle of the fiber around S1. The critical point
of the Lefschetz fibration tells us that to extend this to a skeleton of the whole space
(T∗C)◦,we must glue a disk onto a vanishing cycle in this torus. Finally, by deforming
S1 out to be the unit circle, we collapse the disk to a point and produce a skeleton L
obtained by parallel transport of the vanishing cycle, which is precisely µ˚−1I,C(0).
Hence we know the result also for (T∗Cn)◦ = ((T∗C)◦)n, and it remains to prove the
proposition for a general U(β,0) = µ˚−1C×(β)/T. Let f : (T
∗Cn)◦ → R be a potential for the
Stein structure with skeleton L(T∗Cn)◦ , so that ∂∂¯ f = ωK, and µ˚−1I,C(0) is the stable set for
the gradient flow of f (with respect to the Ka¨hler metric).
By symmetry, we may assume that f is invariant under the action of the compact
torus DR. Then f descends to a function fˆ on the quotient (T∗Cn)◦/T (which is the real
Hamiltonian reduction (T∗Cn)◦/TR) and the restriction fˆ |µ˚−1
C× (β)/T
of fˆ to µ˚−1
C×(β)/T =
U(β,1) is a primitive for the Ka¨hler form on U(β,1).
The skeleton L of U(β,1) is then the stable set for gradient flow (with respect to the
Ka¨hler metric) of fˆ |U(β,1) . We can understand this skeleton by studying the residual
moment map µ˚C× : U(β,1) → G∨. Pick n− k characters χ1, . . . , χn−k of G∨ which together
give a unitary isomorphism ~χ : G∨  (C×)n−k. Then the composition of µ˚C× with any
of these characters χ is a map to C× from which we can study the skeleton L.
Now note that since we require β ∈ T∨ to lie inside the compact real torus T∨R, the
corresponding inclusion of G∨ into D∨ sends the compact torus G∨R into the compact
torus D∨R. Hence all the critical values of each map χi ◦ µ˚C× continue to lie inside the
compact torus S1 ⊂ C×. By the same reasoning as in the case of (T∗C)◦, we conclude
that the image of L under µ˚C× is precisely the compact torus G∨R.
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Finally, observe that each fiber of the moment map µ˚C× : U(β,1) → G∨ is a Hamil-
tonian reduction of the corresponding fiber of the moment map on (T∗Cn)◦. Since the
Hamiltonian reduction parameter is 0, the Liouville vector field on a generic fiber,
which is (C×)n−k, continues to have stable set the unit (n − k)-torus, and on fibers
where this (C×)n degenerates, the stable set is the symplectic parallel transport of the
this (n − k)-torus.
The skeleton L is thus defined by the equations log |µ˚C× | = µ˚R = 0, which is
precisely the zero set of µ˚I,C. 
Now we need to determine the geometry of the skeleton L. In general, the La-
grangian geometry of an arbitary skeleton of a Weinstein manifold may be quite
formidable. Our skeleton L, however, is far from arbitrary. In a sense which it
is difficult to make precise without a better understanding of stability conditions
on Fukaya categories of hyperka¨hler manifolds, the skeleton L is adapted to the
holomorphic symplectic geometry of U.
Since L is cut out by two of the three components of a hyperhamiltonian T × tR-
valued moment map, one expects to find a complex structure in which L is actually
a holomorphic subvariety. In fact, such a complex structure can be produced on an
open neighborhood U of L in U(β,1); in accord with the usual conventions of non-
abelian Hodge theory, we will call it the “Dolbeault complex structure” or, according
to our conventions above, “complex structure I,” as opposed to the complex structure
K implicit in our definition of (T∗C)◦ = C2\{zw = −1}.The resulting complex manifold
has already been studied in [MW]; and the holomorphic subvariety corresponding
to Lwas completely described in Proposition 4.7 of loc. cit..
As we shall see below, the Dolbeault space is one fiber of a twistor family for a
complete hyperka¨hler metric on U. This metric does not extend to the full spaceU(β,1),
but this should not be too surprising; unlike for compact manifolds, a noncompact
Ka¨hler manifold equipped with a holomorphic symplectic form is not guaranteed
to have a complete hyperka¨hler metric. For instance, the space (T∗Cn)◦ “wants” to
hyperka¨hler rotate to the elliptic fibration with a single nodal fiber. But there is no
such fibration globally overA1; such a fibration exists only over a formal or analytic
disk.
Remark 2.11. SinceL is a union of smooth components meeting cleanly, understanding their
Lagrangian geometry does not actually require knowledge of the full hyperka¨hler metric or
twistor family ofU; one could repeat the arguments of [MW, Proposition 4.7] describing these
components and their intersections without mentioning the Dolbeault space. Nevertheless,
that the Lagrangian skeleton L is actually holomorphic Lagrangian is of great theoretical
importance in our understanding of SYZ duality. Moreover, for skeleta of more general
hyperka¨hler manifolds, the embedding of L as a holomorphic subvariety in the Dolbeault
space is likely to be an essential tool in understanding their local geometry.
2.3. The Ooguri-Vafa space. In this section, we recall the work of [GMN10] using
wall-crossing formulae to describe the hyperka¨hler geometry of a neighborhood of
L in (T∗C)◦. Strictly speaking, the results we describe here are not necessary for this
paper and may be safely skipped: to calculate the Fukaya category of U, we need
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only the description of the skeleton L contained in Proposition 2.18. We include this
section for those readers who might be interested in the full hyperka¨hler (rather than
just holomorphic symplectic) structure on multiplicative hypertoric varieties.
Let Z be the Tate curve C×/qZ. The Tate curve is an elliptic fibration f : Z → D
over the unit disk, with central fiber a nodal curve and all other fibers elliptic curves.
Natural coordinates on Z are a holomorphic coordinate a on the base and angle
coordinates θe, θm on the fibers, where θe is monodromy-invariant, and θm is only
locally-defined, with monodromy transformation θm 7→ θm + θe.
The space Z has been known since [OV96] to have a hyperka¨hler structure de-
scribed by the Gibbons-Hawking ansatz (see also [GW00, Section 3] for a more
detailed mathematical explanation); this description involves a connection 1-form
given by an infinite series of Bessel functions and can be difficult to understand. The
main result of [GMN10] is the construction of a new pair of coordinates Xe,Xm in
which the hyperka¨hler structure can be described simply.
These coordinates, which depend on a parameter ζ ∈ C×, are defined by
Xe = exp(a/ζ + iθe + a¯ζ),
Xm = exp(Zm/ζ + iθm + Z¯mζ + C),
where we write Zm = 12pii (a log(a) − a), and the term C accounting for instanton
corrections from the singular torus fiber (without which the formula for Xm would
not extend over this fiber) is given by the integral formula
C :=
i
4pi
∫
`+
dζ′
ζ′
ζ′ + ζ
ζ′ − ζ log[1 +Xe(ζ
′)] − i
4pi
∫
`−
dζ′
ζ′
ζ′ + ζ
ζ′ − ζ log[1 +Xe(ζ
′)]−1,
the contours being defined as `± := {a/ζ ∈ R∓}.
Theorem 2.12 ([GMN10]). The holomorphic symplectic forms
Ω(ζ) :=
dXe
Xe ∧
dXm
Xm
on Z form a twistor family Z(ζ) over C×. Moreover, this extends to a twistor space over P1,
with fiber over 0 the complex structure of the Tate curve Z.
Actually, the function Xm defined above is only piecewise-analytic; it has dis-
continuities along the rays {Im(a/ζ) = 0}. Write Xm,− and Xm,+ for the two possible
extensions of Xm to the real axis, from {Im(a/ζ) < 0} and {Im(a/ζ) > 0}, respectively.
Then these extensions differ by
Xm,+ = Xm,−(1 +X−1e )−1.
Let z be the extension of X−1m from {Im(a/ζ) > 0}, and w the extension of Xm from{Im(a/ζ) < 0}. (On the opposite half-planes, z and w are equal to the product of X±m
with (1 +X−1e ).)
Corollary 2.13. The functions z and w are globally defined on Z and satisfy zw − 1 = X−1e .
They define an embedding Z(ζ) ↪→ (T∗C)◦.
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In these coordinates, the holomorphic symplectic form in complex structure ζ
becomes
Ω(ζ) =
dXe
Xe ∧
dXm
Xm =
dz ∧ dw
1 − zw .
Unfortunately, the third Ka¨hler form ω(ζ) does not have a nice expression in terms
of the coordinates z and w. However, we do not need a precise expression for this
form: we will be interested in the case |ζ| = 1 when this form comes from a Stein
structure on Z(ζ) and we may replace it with a homotopic Stein Ka¨hler form, as we
have done in Proposition 2.10 to calculate the Lagrangian skeleton of this space.
2.4. Dolbeault hypertoric varieties. From the above discussion, we know that a
neighborhood of the skeleton L of (T∗C)◦ is hyperka¨hler, and that at a special point 0
in the twistor P1, the complex structure is that of the Tate curve Z, where the elliptic
fibration and in particular the subspace L become holomorphic. By passing to a
hyperhamiltonian reduction of Zn by the torus T,we arrive at an analogous result for
all multiplicative hypertoric varieties.
Corollary 2.14. Zn carries a quasihyperhamiltonian action of the torus D with hyperhamil-
tonian moment map νH : Zn → d∨ × D∨R (i.e., the action is now honestly Hamiltonian for
the holomorphic symplectic form but quasi-Hamiltonian for the third Ka¨hler form).
Let (β, α) ∈ (T∨)2 as in our definition of U, and factor these as β = γ1 · exp(δ1) and
α = γ2 · exp(δ2) for γi ∈ T∨R and δi ∈ it∨R. Write δ = (δ1, δ2) ∈ (t∨R)2  t∨.
Definition 2.15. The Dolbeault multiplicative hypertoric variety UDol associated to
the exact sequence (2.2) and the data (β, α) is the hyperhamiltonian reduction Zn//(δ,γ1)TR,
equipped with B-field specified by γ2.
Note that this is a variety in the complex-analytic sense rather than an algebraic
variety.
We will be particularly interested in the case where the complex moment map
parameter δ ∈ t∨ for Zn is zero. Accordingly, we now specialize further our choice
of parameters for U: we require that δ = 0, so that (β, α) ∈ (T∨)2 actually live in the
compact tori (T∨R)
2.
As in the Betti case, the variety UDol has a residual hyperhamiltonian action of GR;
now, the subspace L we described before is the preimage of 0 under the complex
part of the hyperka¨hler moment map on UDol, which means in particular that L is
a holomorphic subvariety in the Dolbeault complex structure. The structure of this
variety is very easy to describe, although it will be technically convenient first to pass
to the universal cover of the Dolbeault space.
We write U˜(β,1) (and similarly U˜Dol) for the pullback (by the GR-valued part of the
moment map) along the universal cover gR → GR, and we denote by L˜ the preimage
of L under this pullback.
Example 2.16. Consider the case where UDol is equal to the Tate curve Z. Here the space L˜
is an infinite chain of projective lines, meeting nodally at 0 and∞.
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The geometry of the skeleton L in the Dolbeault complex structure has a very
simple description, analogous to the description of the core of an additive hypertoric
variety.
The data of the exact sequence (2.2) and the parameter β ∈ T∨R ⊂ T∨C can be combined
into the data of a periodic hyperplane arrangement inside of g∨R as follows: let G
∨,β
R
denote the preimage of β under the composition T∨R ← D∨; this is an affine subtorus
modeled on G∨R. The intersection of G
∨,β
R
with the coordinate subtori in D∨R form a
toroidal arrangement in G∨,β
R
 G∨R. We can pull this back via the cover d
∨
R → D∨R to
obtain a periodic hyperplane arrangement on g∨,β
R
, the translate of g∨R by (any choice
of) log β.
Definition 2.17. We denote by Aperβ the periodic hyperplane arrangement in g
∨,β
R
defined as
above.
In other words, the chambers of the periodic hyperplane arrangement Aperβ are
defined by
∆x = {a ∈ g∨,βR | xi < ai < xi + 1},
where x ∈ Zn  d∨Z. is a character of D.
Proposition 2.18 ([MW, Proposition 4.8]). The skeleton L is a holomorphic subvariety
of the Dolbeault space UDol. The irreducible components of L˜ are the orbifold toric varieties
Xx with moment polytopes ∆x, for ∆x , 0. They intersect cleanly along toric subvarieties
indexed by the intersections ∆x ∩ ∆y.
Since we have not assumed unimodularity, the clean intersections statement needs
to be interpreted in the sense that there is an orbifold chart around the intersection
with the toric subvarieties corresponding to coordinate subspace, and the finite group
acting by diagonal matrices.
Note that we can now simplify our Definition 2.5 of genericity for β ∈ t∨R: the
parameter β is generic if and only if the hyperplane arrangement Aperβ is simple, in
the sense that any k hyperplanes always intersect in codimension k.
3. Microlocal perverse sheaves and the Fukaya category
3.1. Microlocal sheaves. Let X be a manifold. We write Sh(X) for the dg category
of complexes of (possibly infinite-rank) constructible sheaves on X: for every object
F ∈ Sh(X), there exists a stratification X = ⊔ Xη such that the cohomology of the
restriction of F to each Xη is a local system, possibly of infinite rank. (We emphasize
that this is in contrast to the usual definition of constructibility, which generally
assumes finite dimensionality of the stalks.)
For Λ ⊂ T∗X a conical Lagrangian, we write ShΛ(X) for the full subcategory of
sheaves on X with singular support contained in Λ. This category localizes to a sheaf
µShΛ of dg categories on Λ, as described in [KS94]. Each point (x, ξ) ∈ Λ determines
a functor
ShΛ(X)→ Vectdgk
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defined by taking a sheaf F to the microstalk of F at (x, ξ),which we denote by F(x,ξ).
This is also known as the vanishing cycles of F at x in codirection ξ.
Definition 3.1. We denote by ShcΛ(X) the category of compact objects in ShΛ(X).
This is dual, in an appropriate categorical sense, to (the usual finite-rank version
of) ShΛ(X).Consequently, as discussed in [Nad16, GPS18b], this localizes to a cosheaf
of categories on Λ, which we denote by µShcΛ.
Write Λ◦ for the complement of the singular locus in Λ; it will be a disjoint union of
smooth components Λ◦ =
⊔r
i=1 Λ
◦
i . Then the most important fact about the category
ShcΛ(X) is the following:
Proposition 3.2 ([Nad16, GPS18b]). Let (xi, ξi) be a point in Λ◦i . Then the functor taking
an object F to its microstalk F(xi,ξi) is corepresented by an object Pi of ShcΛ(X). The objectsP1, . . . ,Pr generate Shc(Λ).
Under the Nadler-Zaslow theorem described below, the object Pi will correspond
in the Fukaya category Fuk(T∗X,Λ) to a transversal disk through Λ at (xi, ξi).
3.2. Fukaya categories of Weinstein manifolds and locality. Here we will recall
some results from the work of Ganatra-Pardon-Shende on gluing Fukaya categories
of Weinstein manifolds. In [GPS18b] we find a comparison theorem between sheaves
and the Fukaya category, enhancing earlier work of Nadler and Zaslow [NZ09]:
Theorem 3.3 ([GPS18b]). Let X be a smooth manifold, and Λ ⊂ T∗X a closed subanalytic
Lagrangian. Then the Fukaya category Fuk(T∗X,Λ) is equivalent to ShcΛ(X).
We will be interested in the particular case when X is a toric variety and Λ is the
union of conormals to toric strata of X.
In order to relate the microlocal sheaf computations in this paper to the Fukaya
category, we require one more result which has been promised by the above authors
but whose proof is not yet in print. We will state it as a conjecture.
Conjecture 3.4. Suppose that M admits a cover by Liouville sectors Mi. Then the Fukaya
category of M is the colimit colimFuk(Mi), where the maps are defined by the functoriality
proved in [GPS18a].
Remark 3.5. It is likely that the full strength of [GPS18b] is not actually necessary here:
many simplifications in the computations of Fukaya categories for hyperka¨hler manifolds
should follow from the results of [SV18], which establish that Floer homology computations
among holomorphic Lagrangians are local on the Lagrangians. We use the [GPS18a, GPS18b]
framework as it is more developed at the moment, although we expect that all of these
approaches will soon converge.
Corollary 3.6. Suppose that the skeleton L of M has a cover by pieces Li with the property
that Li is the relative skeleton for a pair (T∗Xi,Λi) as above. Then the Fukaya category
Fuk(M) is the colimit of the categories ShcΛi(Xi).
Colimits of categories are difficult to compute in general; to simplify the situation,
we use the following trick:
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Lemma 3.7. Let C = colimCi be a colimit of cocomplete dg categories Ci along continuous
functors Fi. Then C is equivalent to the limit limCi obtained by replacing Fi by their left
adjoints.
We can thus compute the colimit in Corollary 3.6 as
(3.6) colimShcΛi(Xi) = (colimShΛi(Xi))
c = (limShΛi(Xi))
c.
If the limit in (3.6) is the dg category A -moddg of modules over a dg algebra A,
then the compact objects (A -moddg)c will be the dg category A -perfdg of perfect
A-modules.
3.3. Perverse sheaves and gluing. The theorem of [GPS18b] described above reduces
the computation of Fukaya categories to microlocal sheaf computations, which can
be difficult in general. However, in the case at hand, we have a further simplification
which will make the computation easy. Recall that we are interested in the case
where M is a hyperka¨hler manifold with a Lagrangian skeleton which is not only
Lagrangian but actually holomorphic Lagrangian, i.e., holomorphic in one complex
structure and Lagrangian in the other two Ka¨hler structures.
In this case, we can hope to find a Liouville-sectorial cover as in Corollary 3.6
with the property that the manifolds Xi are complex algebraic varieties, and the
Lagrangians Λi are unions of conormals to complex subvarieties in Xi. The category
ShΛ(X) then has a t-structure whose heart ShΛ(X)♥ is the abelian category PervΛ(X)
of perverse sheaves on X with microsupport along Λ. (From the Fukaya-categorical
perspective, this is a Fukaya category of holomorphic Lagrangian branes in T∗X
[Jin15].) In good situations, this category remembers all the information of the
category ShΛ(X).
The perverse t-structure is easy to describe from a microlocal point of view. The
following characterization of perverse sheaves is known to experts but is rarely
emphasized in the literature (see for instance [Jin15, Proposition 2.9] for a proof):
Proposition 3.8. Let X,Λ as above. An objectF inShΛ(X) is contained in the perverse heart
of this category if and only if the microstalkF(x,ξ) at every smooth point of Λ is cohomologically
concentrated in degree 0.
This description admits an evident extension to the “global microlocal sheaf cate-
gory” along a Lagrangian skeleton.
Remark 3.9. Note that since we imposed no finiteness conditions on ShΛ(X), our “perverse
sheaves,” defined as objects in the heart of the t-structure above, are also possibly of infinite
rank.
3.4. Perverse sheaves on toric varieties. Let X∆ be a k-dimensional projective toric
variety with momentum polytope ∆. We denote by Λ ⊂ T∗X the union of conormals
to toric strata. We will be interested in the abelian category PervΛ(X∆) of perverse
sheaves on X∆ with singularities along toric strata.
This category for smooth toric varieties is described in [Dup10]; we recall that
description here, together with the small extension necessary to make it work in the
orbifold case.
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First, take a small neighborhood U of ∆ and extend all of the facets of ∆ to hy-
perplanes in U. These hyperplanes divide U into chambers, with ∆ being the central
chamber. These chambers are in bijective correspondence with conormals to toric
strata of ∆.
In fact, if we think of the chambers δ in U as (with the exception of ∆ itself,
noncompact) polytopes, they are the momentum polytopes for the toric varieties Xδ
obtained as unions of conormals to strata in X∆. This statement must be interpreted
carefully, but a reader comfortable with the translation between moment polytopes
and fans can easily define a fan attached to an open subset of a polytope by simply
throwing out the subcones of the fan attached to faces of the polytope that have
trivial intersection with the open subset.
Each variety Xδ contains a dense torus Tδ, given by the complement of its lower-
dimensional toric strata; note that if two chambers δ, δ′ share a facet F, then F cor-
responds in each to a codimension-1 stratum XF and hence determines (by taking a
small loop around XF) a homotopy class in each of Tδ,Tδ′ . We will denote this class
by γF.
Definition 3.10. From the data of the polytope ∆, we will associate a certain quiver with
relations Q∆. The quiver is defined as follows:
(1) For every chamber δ in U, we associate a vertex Vδ. (We will also write Vδ for the
vector space placed at vertex Vδ in a representation.)
(2) For every facet F separating two chambers δ, δ′, there are a pair of opposite arrows
uδδ′ : Vδ′  Vδ : vδδ′ .
(3) The vertex Vδ has an action of the group algebra C[pi1(Tδ)].
For every facet F separating two chambers δ, δ′, we will write MF for the endomorphism of
Vδ given by
MF := vδδ′uδδ′ + 1Vδ .
The relations we impose on Q∆ are the following:
(1) For F a facet of δ, the endomorphism MF ∈ End(Vδ) is identified with the loop
γF ∈ C[pi1(Tδ)]. In particular, MF is invertible.
(2) If F is a codimension-2 face along which δ and δ′′ meet, and we denote by δ′1, δ
′
2 the
two chambers which are adjacent (by a facet) to both δ and δ′′, then the following
pairs of length-two paths in Qδ agree:
(a) The two paths from Vδ′′ to Vδ,
(b) the two paths from Vδ to Vδ′′
(c) the two paths from Vδ′1 to Vδ′2 .
We will write A∆ for the path algebra of the quiver Q∆ with relations as above.
Remark 3.11. There are a few small differences between the description we have offered above
and the one which appears in [Dup10]. First, the description there is in terms of the fan
for a toric variety rather than its momentum polytope; as we will see below, the polytope
description will make the geometry of the situation clearer. In that description there are
also additional vertex loops, which in our description have been absorbed into the actions of
C[pi1(Tδ)]. Finally, in loc. cit., the toric variety X∆ was assumed to be smooth, but nothing
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is changed if we allow orbifold singularities: these are quotients by a finite subgroup of
the diagonal matrices, and the desired morphisms and relations follow from pullback to the
prequotient.
Theorem 3.12 ([Dup10]). The category of perverse sheaves on the toric variety X∆ with
singularities along the toric strata of X∆ is equivalent to the abelian category A∆ -mod of
modules over the algebra A∆.
Given a perverse sheafF onX∆, the corresponding quiver representation will have
at vertex Vδ the microstalk of F at a point of the open orbit of Xδ, which we think of
as a conormal, living inside T∗X∆, of a stratum of X∆.
Example 3.13. Suppose X∆ = C. Then the above theorem reproduces the classical description
of the category Perv(C, 0) of perverse sheaves on C with singular support inside the union of
the zero section and the conormal to 0 as given by the linear-algebraic data of a pair of vector
spaces and maps
var : Φ  Ψ : can
We identify 1Ψ +var ◦ can and 1Φ +can ◦var with the generators of pi1(C∗) and thus assume
that they are invertible.
A second way of understanding this example is as follows: let Λ ⊂ T∗C be the conic
Lagrangian given by the union of conormals to toric strata; in other words, Λ is the union of
the zero section with the conormal to the origin. Then the smooth points of Λ are Λ◦ = C×unionsqC×;
the vector spaces Ψ and Φ are the respective microstalks of a microlocal perverse sheaf F
on these components, and the endomorphisms 1Ψ + var ◦ can and 1Φ + can ◦var are the
respective monodromies.
The following examples make clear the way in which the action of C[pi1(G)] keeps
track of the orbifold structure on our toric varieties.
Example 3.14. Consider the case X∆ = C/{±1}; even though the underlying variety is still
isomorphic to C, the space X carries a nontrivial orbifold structure. In fact, the cotangent
bundle of X∆ is C2/(Z/2Z), which is not smooth. The category of perverse sheaves on
X∆ = C/{±1} is the category of {±1}-equivariant perverse sheaves on C. As before, we can
take Φ and Ψ with the maps var and can, but the operation of parallel transport from 1 to
−1 in C× followed by moving back to 1 using the {±1}-action gives an endomorphism of Ψ
which is the square root of the monodromy.
In case the example C/{±1} is confusing, the following example offers a possibly
clearer illustration:
Example 3.15. Let X∆ = C2/(Z/2). If we write
C[X∆] = C[x, y]Z/2 = C[x2, xy, y2] = C[a, b, c]/(b2 − ac),
then we see that on the open stratum of X∆, the torus acting is
T∆ := SpecC[a±, b±, c±]/(b2 − ac).
In Q∆, the two pairs of maps at the vertex V∆ corresponding to this stratum have compositions
equal to 1 − a and 1 − c, respectively. However, in contrast to the normal crossings case,
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1 + u1v1 and 1 + u2v2 do not give all the invertible self-loops of V∆, but rather this vertex is
equipped with an extra automorphism b which is equal to a square root of ac.
The proof of the theorem closely follows the computation in Example 3.13; the
higher-dimensional version of that example, where X∆ = Cn, was computed in
[GGM85], and then the theorem is proved in general by using descent for categories
of perverse sheaves to glue together several copies of this result.
Example 3.16. Let X∆ = P2. Its momentum polytope is the compact chamber δc of the
arrangement depicted below. There are three chambers δ1, δ2, δ3 corresponding to the conormal
bundles to the toric divisors in P2, and three chambers δ12, δ13, δ23 corresponding to the
conormal fibers to the toric fixed points.
1
2
3
δ3
δ2
δ1
δ12 δ23
δ13
δc
The corresponding quiver has one vertex for each chamber, and a pair of arrows for each
plane separating two adjacent chambers:
v13

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OO
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v12
OO
// v2
OO
//
oo v23
oo
XX111111111111111
Moreover, perverse sheaves do encapsulate the whole Fukaya category in this
case, in the sense that the dg category ShΛ(X∆) is equal to the dg derived category of
PervΛ(X∆) :
Proposition 3.17. ShΛ(X∆) is equivalent to the dg category A∆ -mod of modules over the
algebra A∆.
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Proof. As described in Proposition 3.2, the category ShΛ(X∆) is generated by the
objects Pi which corepresent microstalk functors at smooth points of Λ. We need to
prove that all of the objects Pi are contained in the heart of the perverse t-structure
on ShΛ(X∆).
First, consider the case wherePi corresponds to the open torus orbit inX∆. Consider
the free (infinite-rank) local system L on the open torus orbit U0  G with fiber
C[pi1(G)] obtained by pushing forward the constant sheaf on the universal cover of
G. If ι : U0 → X∆ is the inclusion, then ι!L is the desired projective object.
Now consider the general case. Recall that the components of the smooth locus
of Λ are in bijection with toric subvarieties in X∆. Given such a subvariety, choose
a T-fixed point x in its closure, and let U ⊂ X∆ be the open subset given by all torus
orbits which contain x in their closure. This subset is an orbifold quotient of Cd with
the different toric subvarieties corresponding to the coordinate subspaces, and the
components of Λ◦ given by the conormals to these. We have already constructed
the perverse sheaf for the zero-section in this context, and by Fourier transform,
this allows us to construct it for any component corresponding to a toric subvariety
containing x.
To extend these perverse sheaves from U to all of X∆, we pushforward by ι! un-
der the inclusion ι : U → X∆ as above. Since Fourier transform and ι! for an open
inclusion are exact in the perverse t-structure, the results of this pushforward remain
perverse, and it is clear from the construction that they corepresent microstalk func-
tors on ShΛ(X∆). In particular, this implies that the Hom spaces HomShΛ(X∆)(Pi,P j)
are concentrated in degree 0, since this can be interpreted as the microstalk of P j at
vertex vi. 
3.5. The global calculation. We are going to glue together the categories of perverse
sheaves discussed above.
Recall that the hyperplane arrangement Aper expresses Rn as an infinite union of
n-dimensional polytopes.
Definition 3.18. Let P denote the opposite face poset of this polytopal decomposition.
Now we are ready to describe the limit of categories described in the discussion
following Corollary 3.6.
Definition 3.19. To a face p ∈ P we associate a category Cp as follows:
• If p is a chamber of Aper, or in other words an n-dimensional polytope ∆, then Cp
is the dg category ShΛ(X∆) of constructible sheaves on the toric variety X∆ which
are smooth along toric strata. In other words, Cp is the category of modules over
the quiver Q∆ which has one vertex for each chamber adjacent to ∆ (including ∆
itself), a pair of edges for every facet separating two of these chambers, and relations
as described above.
• If p is a k-dimensional face in Aper, pick an n-dimensional polytope ∆ containing p,
and let X∆◦ be the toric variety associated to a small neighborhood ∆◦ of p in ∆. We
define Cp to be the dg category ShΛ(X∆◦). In other words, Cp is the dg category of
modules over the subquiver obtained from Q∆ by throwing out vertices corresponding
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to chambers which are not adjacent to p, and keeping all the relations which didn’t
involve those vertices. This description makes clear that Cp did not depend on a choice
of ∆; the more geometrically inclined can construct this equivalence using Fourier
tranform.
To an arrow p→ q in P (corresponding to an incidence of faces q ⊂ p), we assign the obvious
functor Cp → Cq given by forgetting some of the vertices. Geometrically, this is the functor
on microlocal sheaves induced by restricting to the appropriate open subset of the cotangent
bundle.
From the discussion following Corollary 3.6, combined with the calculation from
Proposition 2.18 of the skeleton of U := U(β,1), we conclude the following:
Proposition 3.20. Fuk(U˜) is the category of compact objects inside the limit limp∈P Cp.
We would like to compute this category. We begin by observing that this limit
involves a global version of the perverse t-structure described in Proposition 3.8.
Lemma 3.21. Let C = limCi be a limit of dg categories Ci equipped with t-structure, along
t-exact functors. Then C inherits a t-structure from the Ci whose heart is the limit of their
hearts:
(limCi)♥  limC ♥i .
Proof. Define C ≤0 to be limC ≤0i . The right adjoint to the inclusion of this subcategory
into C is the trunctation functor τ≤0 : C → limC ≤0i , which agrees with the functor
induced on C by the truncation functors τ≤0i . It is not hard to see that these data
satisfy the axioms for a t-structure. 
Definition 3.22. We will define a quiver with relations Qβ as follows: the vertices of Qβ
are in bijection with the chambers of Aper, and the arrows and relations are exactly as in
Definition 3.10.
Theorem 3.23. There is an equivalence of dg categories limp∈P Cp  Q -moddg between
the P-limit of the diagram of categories C and the category of modules over the quiver
with relations Q. This equivalence is induced by an equivalence of the hearts of the natural
t-structures on these categories.
Proof. The functors in the diagramCp are t-exact, so we are in the setting of Lemma 3.21.
The category C thus has a perverse t-structure with heart limp∈P PervΛp(X∆p). By the
same gluing arguments used to prove Theorem 3.12, this is equivalent to the abelian
categoryA♥ of modules over the quiverQ.
To complete the proof, we need only show, as in Proposition 3.17, that the objects
Pi which generate the category C are contained in C ♥. As in Proposition 3.17, these
objects are just the projective objects associated to vertices ofQ. 
We have been dealing so far with the universal cover U˜, but it is easy to deduce
from the above result a similar one about U itself. Note that Q carries an action of
g∨Z = pi1(U) by automorphisms. Let Q denote the quotient quiver and let Q -moddg
denote the dg category of modules over Q. We gather together both the statement
above and its quotient by pi1(U) :
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Corollary 3.24. We have equivalences of categories
Fuk(U˜(β,1))  Qβ -moddg, Fuk(U(β,1))  Qβ -moddg .
Example 3.25. We spell out this construction when the underlying sequence of tori is
1 → C∗ → C∗. Thus U(β,1) = U(1,α) = (T∗C)◦, whereas the Dolbeault hypertoric variety is
the Tate curve. (Since T is trivial, β = α = 1.) As previously explained, L˜ is an infinite
chain of rational curves, with 0 of one link intersecting nodally with∞ of the next. ThusQ
has vertices indexed by n ∈ Z, each carrying a vector space Vn on which the group algebra
C[pi1(C∗)] = C[Z] acts with generator γn. Between neighboring vertices, we have a pair of
arrows un,n+1 : Vn  Vn+1 : vn,n+1, and an equality 1 + vn,n+1un,n+1 = γn. This is equivalent
to the category of modules over the multiplicative preprojective algebra of the infinite quiver
. . .→ • → • → • → · · · .
Any such module may be viewed as the global sections of a C∗-equivariant coherent sheaf on
(T∗C)◦.
The simple modules Sn overQ are defined by a copy of C placed at a single vertex n, with
all maps set to zero. These correspond to C∗-equivariant skyscraper sheaves at x = y = 0.
On the other hand, the projective object Pn has Vi = C[γi]. The maps vi,i+1, i < n and
ui,i+1, i ≥ n are given by the natural isomorphism taking γi to γi+1. The maps in the reverse
direction are fixed by the quiver relations. Pn corresponds on the B-side to a line bundle
whose global sections are the free graded C[x, y]
[
1
1+yx
]
-module generated by xn for n > 0 or
yn for n < 0.
Example 3.26. Now consider the sequence C∗ → (C∗)2 → C∗, where the first map is the
diagonal embedding. In this case the C∗-valued moment map on U1,α) expresses it as a C∗-
fibration over C∗ \ 1, whereas the fiber over 1 is the “TIE fighter” given by a P1 nodally
intersecting two copies of A1 at 0 and ∞. On the other hand, U(β,1) is affine; its moment
fibration has two singular fibers, each given by a union of two nodally intersecting copies of
A1. The unwrapped skeleton L˜ is as before, but the lattice action on it now shifts the chain by
two links rather than one, so that L is a copy of two spheres meeting each other transversally
at two points.
Repeating the calculation as above, we find that the category of microlocal sheaves along
L˜ is the category of modules over the multiplicative preprojective algebra associated to the
Aˆ1 quiver. Recall that the McKay correspondence of [KV00] identifies modules over the
additive Aˆ1 preprojective algebra with the category of coherent sheaves on the stack C2/Z/2
(which we should think of as a noncommutative resolution of its singular coarse moduli
space); similar arguments identify modules over the multiplicative preprojective algebra with
coherent sheaves on the stack/noncommutative resolution (T∗C)◦/Z/2, which is U(1,α).
More details of the calculation of this multiplicative preprojective algebra in the setting
of Fukaya categories and microlocal perverse sheaves can be found in [EL17] and [BK16],
respectively.
4. Tilting bundles and coherent sheaves
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We will now calculate the B-model category associated to the mirror of U(β,1): this
is the dg category Cohdg(U(1,β)) of coherent sheaves on the multiplicative hypertoric
variety U(1,β). As discussed before, we factor β ∈ T∨ as a product γ · exp(δ). δ will
play the role of GIT parameter, whereas γ will play the role of B-field parameter,
indexing a noncommutative resolution – or, in the case where δ is generic, indexing
an Azumaya algebra on the resolution specified by δ.
4.1. Noncommutative resolutions and mirror symmetry. Recall the notion of a non-
commutative crepant resolution (NCCR) of an affine Gorenstein variety X = Spec R,
originally defined in [vdB04a]: this is an algebra A = EndR(M), for some reflexive
R-module M, such that A is a Cohen-Macaulay R-module and the global dimension
of A is equal to dim X. This notion generalizes to a non-affine scheme in an obvious
way: we consider a coherent sheaf of algebras A with module M such that the
restriction to any affine open set is a NCCR.
In this paper, we will explicitly construct a NCCR for each generic choice of B-field
γ. For simplicity, we will do this first in the case where the parameter is of the form
(1, γ). In this case, the underlying variety U(1,1) is affine and highly singular.
Recall that for a choice of γ˜ ∈ t∨R (from which we can produce an element γ =
exp(γ˜) ∈ T∨R), we have already described a quiver with relations Qγ. This has only
finitely many nodes, so we can think of its path algebra Aγ = A(Qγ) as an algebra
with unit given by the sum of idempotents ep for the different chambers p of top
dimension in the quotient arrangement Ator.
Theorem 4.1.
(1) We have an isomorphism of algebras C[U(1,1)]  epAγep.
(2) The algebra A acting on the module M = Aγep is a non-commutative crepant resolu-
tion of U(1,1).
This theorem is effectively the main theorem of our paper, since it identifies
the Fukaya category of U(β,1) with the category of “coherent sheaves” on this non-
commutative resolution. However, we are not yet ready to prove it. In fact, rather
than showing directly that this algebra A has the desired properties, we will show that
it is derived equivalent to a usual commutative resolution of singularities obtained
by varying the parameter δ.
More precisely, assume that we have a (usual commutative) crepant resolution
of singularities pi : Y → X. A D-equivalence between Y and a non-commutative
resolution A is an equivalence of dg-categories Cohdg(Y)  A -moddg.
A standard way for these to arise is through a tilting generator, a locally free sheaf
T on a scheme Y such that Ext•(T ,−) induces an equivalence of derived categories
between End(T ) -moddg and Cohdg(Y). The following is a corollary of [vdB04b, Lem.
3.2.9 & Prop. 3.2.10]:
Lemma 4.2. Suppose T is a tilting generator on Y such that the structure sheaf OY is
a summand of T , and let M = Γ(Y;T ). Then A = EndCoh(Y)(T )  EndR(M) is a non-
commutative crepant resolution of singularities, canonically D-equivalent to Y.
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We will prove Theorem 4.1 using this lemma, by constructing an appropriate tilting
generator (see Theorem 4.9).
4.2. Comparison of multiplicative and additive varieties. As mentioned before, a
key component of the proof of Theorem 4.1 is that multiplicative hypertoric varieties
“locally look like additive hypertoric varieties.” More precisely, additive and mul-
tiplicative hypertoric varieties have complex moment maps with respective targets
g∨ and G∨, and we will show that formal neighborhoods of the fibers of these maps
agree.
We identify Zn with the cocharacter lattice of D by the map sending a ∈ Zn to the
cocharacter s 7→ diag(sa1 , . . . , san) : Gm → D. Under this identification, the standard
characters i of D∨ are sent to the unit vectors of Z. We can also consider these as
functions on D∨, and for a given h ∈ D∨, we denote the values of these by hi.
Assume now that h ∈ D∨ is contained in the subtorus G∨. The fact that h lies in G∨
is reflected by the relation
∏
i h
ai
i = 1 for a ∈ tZ ⊂ Zn.
Consider the formal neighborhood U of h inside G∨, and let Ûh be the preimage of
this neighborhood insideU. In particular, any power series in the functions ziwi+1−hi
is well-defined as a function on this completion.
Let M = M(1,δ) be the additive hypertoric variety associated to the data of the exact
sequence (2.2) and (1, δ) ∈ t∨H; in order to avoid confusion, we will use xi, yi, rather
than zi,wi, as variables for the additive hypertoric variety. Let log(h) ∈ g∨ be a choice
of preimage of h under the exponential map, such that log(hi) = 0 if hi = 1; implicitly,
this fixes choices of log(hi) for all i, such that
∑
ai log hi = 0 for all a ∈ tZ.
Let M̂log(h) be the base change of M to a formal neighborhood of log(h) ∈ g∨. Let
L(×)χ be the line bundle on U induced by a character χ : T → Gm and L(+)χ be the
correspond line bundle on M.
Theorem 4.3. The formal neighborhoods Ûh and M̂log(h) are isomorphic, by an isomorphism
identifying the character line bundles L(×)χ and L(+)χ .
Proof. Recall that the projective coordinate rings of M and U are C[T∗Cn][t]T/〈µC = 0〉
and C[(T∗Cn)◦][t]T/〈µ˚C× = 0〉, where µC, µ˚C× denote the complex moment maps for
the T-actions, and t is an additional variable of degree 1 with T-weight −δ. We will
produce isomorphisms between certain completions of these coordinate rings.
Write ̂(T∗Cn)◦h for the completion of (T∗Cn)◦ with respect to the the ideal generated
by ziwi + 1 − hi.
Note that if hi , 1, then we have that ziwi is itself invertible, and
log(1 + ziwi) = log(hi + (ziwi + 1 − hi))
= log(hi) +
ziwi + 1 − hi
hi
− (ziwi + 1 − hi)
2
2h2i
+
(ziwi + 1 − hi)3
3h3i
− · · ·
is an invertible function on ̂(T∗Cn)◦h. If hi = 1, then
log(1 + ziwi) = ziwi −
z2i w
2
i
2
+
z3i w
3
i
3
− · · ·
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is still well-defined, but no longer invertible. However, the quotient
γi :=
log(1 + ziwi)
ziwi
= 1 − ziwi
2
+
z2i w
2
i
3
− · · ·
is invertible.
Let T̂∗Cnlog h be the completion of T∗Cn, now with variables xi and yi, at xiyi− log(hi).
Let xi, yi map to C[ ̂(T∗Cn)◦h] by
xi 7→ zi yi 7→ wiγi.
This map is an isomorphism, and its inverse is given by
zi 7→ xi, wi 7→ yiδi,
where we define
δi :=
hiexiyi−log(hi) − 1
xiyi
=
hi − 1
xiyi
+
hi
xiyi
∞∑
k=1
(xiyi − log(hi))k
k!
.
Furthermore, under these maps, we have
n∑
i=1
aixiyi =
n∑
i=1
ai log(1 + ziwi) = log
 n∏
i=1
(1 + ziwi)ai
 ,
so that these isomorphisms intertwine the additive and multiplicative moment maps.
Furthermore, since γi and δi are D-invariant, this is an equivariant isomorphism.
Thus, we obtain an isomorphism of projective coordinate rings for Ûh and M̂log(h),
which moreover must match the modules corresponding to the line bundlesL(×)χ and
L(+)χ . 
4.3. Construction of the tilting bundle. By Lemma 4.2, it remains only to construct
a tilting generator on U(1,α) for α generic. This has already been carried out in
the additive case, implicitly in [Sta13] and explicitly in [MW, Th. 3.36]. This is
accomplished using a now-standard technique in geometric representation theory,
quantization in characteristic p.
Roughly speaking, one notices that a cotangent bundle, as for instance T∗An, has
a non-commutative deformation given by the sheaf of differential operators on the
base; and moreover, in characteristic p, this sheafD is Azumaya over its center, which
is actually (a Frobenius twist of) the original cotangent bundle. If the parameter γ
is p-torsion, it may then be used as a noncommutative moment map parameter for
a quantum Hamiltonian reduction, after which one obtains an Azumaya algebra on
the complex Hamiltonian reduction M of T∗An, as desired. The resulting Azumaya
algebra is not split, but it does split on formal neighborhoods of fibers of the residual
moment map. Any choice of splitting on the fiber over 0 can be extended uniquely
to the rest of the whole of M using the contracting C∗ action.
For the multiplicative case, this method of quantization has an analogue: instead
of deforming to the sheaf of differential operators, one deforms to a sheaf of q-
difference operators. This was accomplished for multiplicative hypertoric varieties in
[Coo, Gan18], and for general multiplicative quiver varieties in [GJS]. This allows us
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to define an Azumaya algebra on U as before, and one could easily prove the same
infinitesimal splitting property, but there is no contracting C∗-action that allows us
to construct a tilting generator via the same automatic process.
Disappointing as this fact is, we can still use it as inspiration to guess a tilting
generator. In fact, this is not truly a guess; the bundle in question arises naturally
when we view C[U] as a multiplicative Coulomb branch (the Coulomb branch C4
in the terminology of [Telb]), and the other nodes in Q as spectrally-flowed line
operators, i.e., as objects of the extended BFN category introduced in [Webb, §3].
However one chooses to motivate the definition of this tilting generator, it is easy
to describe: it is a direct sum of equivariant line bundles L(×)χ , which we enumerate
below.
Choose a lift γ˜ = log(γ) ∈ t∨R. Let g∨,γ˜R be the preimage of γ˜ under the projection
d∨R → t∨R. Let
∆x = {a ∈ g∨,γ˜R | xi < ai < xi + 1}, Λ(γ˜) = {x ∈ d∨Z | ∆x , ∅}.
These are the chambers and their parametrizing set for a periodic hyperplane ar-
rangement in g∨,γ˜
R
, which we denote Bperγ˜ . We write Λ(γ˜) for the quotient of Λ(γ˜)
by the action of g∨Z. This is a finite set, parametrizing the chambers of the toric hy-
perplane arrangement Btorγ˜ := B
per
γ˜ /g
∨
Z. Note that if we choose γ˜ differently, then the
result will change by an element of t∨Z.
We continue to assume that γ˜ is generic, so that there is a neighborhood U of γ˜ in
R ⊗ t∨ such that for all γ˜′ ∈ U, we have Λ(γ˜) = Λ(γ˜′). In particular, the hyperplanes
in Bperγ˜ intersect generically.
Consider the following vector bundles, defined on U and M, respectively:
T (×)γ˜ :=
⊕
χ∈Λ(γ˜)
L(×)χ , T (+)γ˜ :=
⊕
χ∈Λ(γ˜)
L(+)χ .
Note that if we choose a different value of γ˜while leaving γ unchanged, the effect will
be to tensorT (×)γ˜ with the line bundle corresponding to the element of t
∨
Z  Pic(U) we
change our branch of log by. In particular, we can always choose γ˜ so that 0 ∈ Λ(γ˜),
that is, the trivial bundle OU is a summand of T (×)γ˜ .
Theorem 4.4 ([MW, Prop. 3.36]). The vector bundle T (+)γ˜ is a tilting generator of M, and
so End(T (+)γ˜ ) gives an NCCR of M(0,1).
This motivates the corresponding multiplicative result:
Theorem 4.5. The bundle T (×)γ˜ is a tilting generator for the category Coh(U1,δ).
Proof. By work of Kaledin [Kal08, §3.1], it suffices to prove that the higher cohomology
of the sheaf End(T (×)γ˜ ) vanishes, and that the kernel K (End(T (×)γ˜ )) defined in [Kal08,
Def. 3.2] vanishes. Thus, it is sufficient to prove the appropriate vanishing on a
formal neighborhood of any fiber of the map µ˚C× : U→ G∨.
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That is, it suffices to prove this fact on the completion Ûh for all h ∈ G∨. By
Theorem 4.3, we can transport this bundle to M̂log(h) and obtain the completions of
the line bundles L(+)χ for χ ∈ Λ¯. By [MW, Prop. 3.36], the corresponding sheaf T (+)γ˜
on M is a tilting generator, which completes the proof. 
Corollary 4.6. The map F → RHom(T (×)γ˜ ,F ) defines an equivalence of categories
Cohdg(U)  End(T
(×)
γ˜ ) -moddg.
Together with Lemma 4.2, this shows that if we choose γ˜ so that 0 ∈ Λ(γ˜), then the
algebra End(T (×)γ˜ ) is a noncommutative crepant resolution of singularities.
Remark 4.7. The same procedure gives a noncommutative resolution of any multiplicative
hypertoric variety. Assume that δ is arbitrary; we can assume without loss of generality that
δ is integral (since all walls of GIT chambers are rational) without changing U(1,α). Choose
a second character δ′ in the open part of GIT cone adjacent to the face containing δ. By
standard variation of GIT, 1 we have a crepant resolution of singularities piα : U(1,α′) → U(1,α).
Consider the sheaf of algebras
Aα =
(
(piα)∗(T
(×)
γ˜ ⊗ (T (×)γ˜ )∨
)
.
Note that this algebra only depends on γ. We leave to the reader the verification that this is
a relative NCCR via its action on (piα)∗T
(×)
γ˜ whenever the parameter α is generic, regardless
of whether γ or δ are generic separately.
4.4. Computation of the endomorphism algebra. It will be convenient to con-
sider also a G-equivariant version of the tilting bundle. (Recall that working G-
equivariantly on U(1,β) is mirror to passing from U(β,1) to its universal cover U˜(β,1).)
Let
T (×)per,γ˜ :=
⊕
χ∈Λ(γ˜)
L(×)χ ,
where the summands are given their natural G-equivariant structure. This is an
infinite rank G-equivariant vector bundle. In the following corollary, endomorphisms
of T (×)per,γ˜ are taken in the category of G-equivariant quasicoherent sheaves.
Corollary 4.8. The map F → RHom(T (×)per,γ˜,F ) defines an equivalence of categories
Cohdg(U)  End(T
(×)
per,γ˜) -moddg.
We are now ready to compute the endomorphism algebra for the tilting bundle
defined above.
Recall from Section 3.5 that we defined quivers with relations Qγ,Qγ, and Aγ is
the path algebra of the latter quiver.
1We can write U(1,α′) as a multiProj where we consider functions transforming according to positive
integer linear combinations of δ and δ′, and take the map defined by the line bundle corresponding
to δ.
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Theorem 4.9. There is an isomorphism
(4.7) Aγ  End(T
(×)
γ )
sending the length zero path ex to the projection to the corresponding line bundle. This
induces an equivalence of categories Cohdg(U)  Qγ -dgmod.
Note that this completes the proof of Theorem 4.1.
Proof. We define the map (4.7) as follows: the map C[G∨] → End(T (×)γ ) is given by
the composition
C[G∨]→ C[U]→ End(T (×)γ˜ ),
where the first map is the pullback and the second is the action of functions as
endomorphisms of any coherent sheaf. And for x,y ∈ Λ such that y = x + i, we send
cy,x 7→ zi, cx,y 7→ wi.
We can easily check that this is a homomorphism: the relations (2) from Definition 3.10
are just commutativity, and the relations (1) are the moment map condition.
Given any x,y ∈ Λ, there is a unique element cx,y defined as the product along
any minimal length path between these vertices. This maps to the unique minimal
monomial in C[µ˚−1(G∨)] whose weight under the action of D is the difference x − y,
and so cx,y · C[G∨] maps surjectively to all elements of that weight in C[µ˚−1(G∨)].
Since we have assumed that T contains no coordinate subtori, every cocharacter into
T has non-trivial weight on at least 2 coordinates, and by the symplectic property,
this implies that the Kirwan-Ness stratum for this cocharater has codimension ≥ 2.
Thus, C[µ˚−1(G∨)] surjects to functions on the stable locus.
This shows that cx,y ·C[G∨] maps surjectively to the elements of Hom(L(×)x ,L(×)y ) of
the correct T-weight. Ranging over all y with the same image in Λ¯, we obtain all
homomorphisms L(×)x → L(×)y , so the desired map is surjective. On the other hand,
our relations allow us to shorten any path to an element of cx,y · C[G∨]. 
Combining Corollary 3.24 and Theorem 4.9, we deduce our main theorem. It is
conditional on Conjecture 3.4.
Theorem 4.10. Let β ∈ T∨ be generic. Then there is an equivalence of dg categories
(4.8) Fuk(U(β,1))  Cohdg(U(1,β)).
Moreover, if β ∈ T∨R, this equivalence is induced from an equivalence of abelian categories.
5. Monodromy functors from perverse schobers
As mentioned in the introduction, a mirror symmetry theorem over the non-
singular parameter space would include not only the equivalences (4.8), but also
equivalences among these as we circumnavigate walls in the parameter space. These
equivalences would thus fit into an action of pi1(T∨gen) by “monodromy in a local
system of categories,” compatible with the equivalences (4.8).
In fact, the categories we have computed should live not just over the nonsingular
parameter space but over the whole parameter space T∨; the resulting family of
31
Homological mirror symmetry for hypertoric varieties II
categories will fail to be a local system precisely along the real subtori of T∨ which
are the walls in a toric hyperplane arrangement Dtor. The notion of such a “perverse
sheaf of categories” exists already in mirror symmetry, thanks to work of Kapranov
and Schechtman [KS, KS16, BKS18], where it goes by the name of perverse schober.
One advantage of the description from [KS16, BKS18] is that it presents the cate-
gory of perverse sheaves on a complex vector space stratified with respect to a real
hyperplane arrangement only in terms of the behavior of these sheaves over subsets
of the real locus inside this complex vector space. For instance, the monodromy of
such a perverse sheaf can be recovered as a composition of canonical and variation
maps into and out of the singular locus. This should be understood as a generaliza-
tion of the geometrical fact that monodromy of nearby cycles can be deduced from a
sufficiently good understanding of their relation with vanishing cycles.
Perverse schobers give a presentation of these facts at the level of categorical
invariants: in short, all the data of perverse sheaf of categories can be encapsulated
in functors between nearby and vanishing categories. Using this insight, we present
here a construction of a “perverse schober of Fukaya categories,” and we compare
it to the B-side perverse schober defined using wall-crossing functors in[Weba]. As
expected, we prove that equivalence of categories (4.8) extends to an equivalence of
perverse schobers.
5.1. Perverse schobers stratified by hyperplane arrangements. The B-side schober
in this case fits into a pattern familiar in representation theory, namely the action of
wall-crossing functors, as explained in [Weba, Section 4]. We review that discussion
here and then specialize to the hypertoric case.
We need from [BKS18] the notion of a perverse schober on a complex vector
space stratified with respect to a real hyperplane arrangement. (Technically, we are
interested in perverse sheaves on a complex torus stratified by a real toric hyperplane
arrangement, but as usual we choose to simplify notation by passing to the universal
cover and working t∨Z-equivariantly.) The precise version of the definition we use is
based on the procedure which associates to a perverse sheaf its sections along the
star of each stratum in a real hyperplane arrangement. (Recall from [KS, Section 5]
that a schober on a base B should associate categories to Lagrangian subsets of B.)
Example 5.1 (“Double-cut realization”). Consider the case when the underlying real
vector space is one-dimensional, stratified by a single hyperplane (point) at the origin. The
Kapranov-Schechtman description presents Perv(C, 0) in the following way: to a perverse
sheaf E, we associate one vector space for each stratum in the real hyperplane arrangement.
To the two open strata, we associate the sections E± := ΓR±(E) of E on the positive or negative
real loci (which are equivalent to the stalks of E at a generic positive and negative real point),
and to the closed stratum, we associate the sections E0 := ΓR(E) along the whole real line
(which we think of as the star of the closed stratum). For each inclusion of stratum closures,
we get a pair of maps ΓR±(E)  ΓR(E), and the whole perverse sheaf is determined by these
maps.
Similarly, a perverse schober E in this setting is determined by three dg categories, which
we write E± and E0, along with pairs of adjoint functors E±  E0 satisfying some conditions,
which we detail below.
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The case of a higher-dimensional hyperplane arrangement is the obvious gen-
eralization of this example: the data of a perverse schober includes a category EA
associated to the star of each stratum A in the real vector space, along with adjoint
functors for incidences of strata. In the following definition (the modification in
[Weba] of the definition from [BKS18]), we detail one way of encapsulating this data,
which we will find convenient for our purposes.
Definition 5.2. Let t∨ = t∨R ⊗C be the complexification of a real vector space, and Dper ⊂ t∨R
a periodic hyperplane arrangement. A perverse schober on t∨, stratified by Dper, consists
of the following data:
(1) A dg category EA for each face A in Dper.
(2) A pair of adjoint functors δC′C : EC  EC′ : γCC′ for any incidence of faces C′ ≤ C. The
left adjoint δC′C is the specialization, and its right adjoint γCC′ the generalization,
functor for the incidence C′ ≤ C. If A¯ ∩ C¯ , 0, and B is the unique open face in the
intersection, these functors compose to give a transition functor φAC := γABδBC :
EC → EA.
(3) Isomorphisms γCC′γC′C′′  γCC′′ for consecutive incidences C′′ ≤ C′ ≤ C, with
associativities for longer incidences.
(4) Isomorphisms φABφBC  φAC for (A,B,C) a collinear family of faces, with asso-
ciativities for longer collinear families. Hence for any two faces A and B, we can
define φAB := φAA1φA1A2 · · ·φAnB for A1, . . . ,An the ordered list of faces passed by
a generic line segment from A to B; the previous isomorphism data guarantees that
these composite transition functors are well-defined.
These data are required to satisfy the following further conditions:
(1) If C′ ≤ C, the unit natural transformation γC′CδCC′ → 1EC′ is an isomorphism. For B
any face in the intersection A¯ ∩ C¯, this gives a natural isomorphism φAB  γABδBC.
(2) If A and B have the same dimension, span the same subspace, and are adjacent across
a face of codimension 1 in A and B, then φAB is an equivalence.
In our setting, we will associate to each stratum C an algebra AC, and to each pair
of strata a bimodule CTC′ so that
EC = AC -perfdg
φCC′ = CTC′
L⊗ −.
In particular, each top-dimensional stratum C of our stratification will consist of
generic parameters β in the sense of Defintion 2.5, and we will set EC = Aβ -perfdg,
which we have seen describes both coherent sheaves onU1,β and the Fukaya category
of Uβ,1.
Remark 5.3. The above definition may seem involved; luckily, we will not need here to
work with it in any serious way: the verification that the B-side family we discuss satisfies
this definition was already performed in [Weba], and we will prove that the A-side data we
construct is isomorphic to that B-side schober.
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5.2. The B-side schober. As promised, we define a pair of perverse schobers over
the parameter space t∨R which encapsulate the whole family of B-side and A-side
categories, respectively, as the parameter β ∈ t∨R varies. We begin here with the B-side
schober.
Definition 5.4. Let Dper be the periodic hyperplane arrangement in t∨R whose hyperplanes
are the loci in which the parameter β ∈ t∨R is nongeneric, in the sense of Definition 2.5.
In other words, the walls of Dper are defined by the equations 〈σ, β〉 = n, for n ∈ Z,
and σ a signed circuit (as defined in Definition 2.4). The resulting stratification of t∨R
is the stratification by topological type of Aperβ .
Definition 5.5. LetH be the periodic coordinate hyperplane arrangement in d∨R = R
n. We
write Q˜ for the quiver with relations associated to the arrangementH as in Definition 3.22.
The quiver Q˜ has a natural geometric interpretation. The trivial line bundle on
µ˚−1
C×(1) carries a different equivariant structure for each character of D, or equivalently
for each chamber of H . One can easily modify the proof of Theorem 4.9 to show
that this quiver with relations controls the D-equivariant homomorphisms between
these line bundles. Of course, each such homomorphism maps to a homomorphism
between the associated bundles on U. However, it seems unlikely to always be a
surjective map; the tilting property of T (×) guaranteed that this was not an issue in
Theorem 4.9, but a general line bundle could have higher cohomology that interferes
with the surjectivity.
Fix a stratum C in Dper, and write UC for the preimage of the star of C under the
projection map d∨R → t∨R. The intersection UC∩H picks out a subset of the chambers
and faces ofH ; we can understand this as a hyperplane arrangement in UC, which
we will denote byHC.
Definition 5.6. We write Q˜C for the subquiver with relations of Q˜ associated to the inclusion
HC ⊂H . Thus Q˜C contains only those vertices whose associated chambers intersect UC.
Definition 5.7. We writeQ
sch
C for the quotient of this quiver by the action of the lattice g∨Z.
We let A˜C be the path algebra of this graph modulo the relations already discussed.
The map T → D induces an embeding C[pi1(T)] → C[pi1(D)]. We have a central
embedding C[pi1(D)]→ A˜C. Write AC for the quotient of A˜C by the ideal generated by γ − 1
for all γ ∈ pi1(T).
If we interpret the quiver Q˜ as the Ext algebra of a set of D-equivariant line
bundles, then Q
sch
C can be understood as the Ext algebra of the same line bundles,
deequivariantized from D to T.
Remark 5.8. The same quiver with additive moment map relations instead of multiplicative
ones controls the schober for coherent sheaves on an additive quiver variety described in
[Weba] and gives the algebra denoted AC in [Weba, §4.5]. Just as in Theorem 4.3, the
multiplicative and additive algebras become isomorphic after completion, so one can transfer
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from the additive case results like vanishing of higher Ext groups or a particular map giving
an isomorphism of functors.
If C is a top-dimensional stratum (so that its star is again C), the arrangement UC is
the product of C with Aperβ for any β ∈ C. This gives a natural isomorphism AC  Aβ.
More generally, if we have two faces C+ and C− whose closures intersect, then there
is a face C such that C¯ = C¯+ ∩ C¯−. In this case,QschC containsQschC± as subgraphs, so AC
contains idempotents e± such that e±ACe± = AC± .
Definition 5.9. For a pair (C+,C−) of adjacent faces whose closures meet at C, the wall-
crossing bimodules are given by
C+TC− := e+ACe−, C−TC+ := e−ACe+.
For more general pairs of faces (C,C′), we pick a generic path between them that crosses
a minimal number of hyperplanes, passing consecutively through faces C′,C1, . . . ,Cn,C, so
that Ci and Ci+1 are adjacent. The corresponding wall-crossing bimodule is defined by
(5.9) C′TC := C′TC1 ⊗AC1 C1TC2 ⊗AC2 · · · ⊗ACn CnTC.
Since [Weba, Lem. 4.6] (transfered to the multiplicative setting through the com-
pletion) guarantees that higher Tors vanish, the defining equation (5.9) of C′TC is
actually a non-derived tensor product.
That the procedure used to define C′TC gives a well-defined wall-crossing functor
is a consequence of the schober property, proved in Theorem 5.11 below. For our
purposes, it is more useful to think of the algebras AC as the basic objects, and the
wall-crossing functors as manifestations of them, since they encode the full schober
structure.
Definition 5.10. The B-side schober assigns the dg-category AC -moddg to a face C and
the functor C′TC
L⊗ − as the transition functor φC′C.
This name is justified by the following theorem:
Theorem 5.11. The above assignment defines a perverse schober in the sense of Definition 5.2.
Proof. The additive analogue of this structure is shown to be a perverse schober in
[Weba, Theorem 4.15]; as in Theorem 4.5, the result can be checked on fiberwise
completions and hence still holds in the multiplicative case. 
5.3. The A-side schober. We now propose a construction of a schober starting from
a family of Weinstein manifolds; we do not show that this construction satisfies the
schober axioms in general, but we check that in the case of interest here, we do obtain
a schober, which is moreover equivalent to the B-side schober defined above.
Constructible-sheaf methods for the construction of A-side perverse schobers have
appeared before in [Nada, DK, Nadb], though always in the 1-dimensional case (the
first two in the double-cut realization on C, the last in a slightly more involved
arrangement). We will be guided in particular by the geometry of [Nada].
Thus, let f : X → t∨ be a symplectic fibration of Weinstein manifolds over a
complexified vector space t∨ = t∨R⊗C,whose set of critical values is a real hyperplane
arrangement Dper in t∨R ⊂ t∨.
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Definition 5.12. A schober skeleton for the family X is a Lagrangian L ⊂ X with the
following properties:
• For any point γ ∈ t∨R not lying in a hyperplane, the fiber L γ := L ∩ Xγ of L is a
skeleton of the fiber Xγ.
• For any exit path γ′ → γ in t∨R with respect to the stratification of t∨R, the fiberL γ′ is
the symplectic parallel transport ofL γ along the path.
For C a stratum in t∨R,we write XC for the preimage f
−1(star(C)) of the star of C, and
L C := L ∩XC for the part ofL lying over the star of C.We expect that the following
procedure will produce the A-side perverse schober associated to the family X:
Definition 5.13. To a schober skeletonL as above, we associate the following set of data:
• To a stratum C of t∨R, the we assign the category DC = µShcL (L C) of sections of the
“microlocal sheaves” cosheaf µShc
L
overL C.
• For an inclusion C′ ≤ C of strata, we define restriction functors δC′C : DC → DC′ , by
functoriality of the cosheaf µShc
L
along the inclusionL C → L C′ .
Note that the generalization functors are fixed as the adjoints of the restrictions,
so the above data is sufficient to characterize a schober. However, we do not check
that the resulting structure does in fact satisfy the requirements in the definition of a
perverse schober.
Now we are ready to almost ready to begin considering the situation of interest
to us: the family of affine multiplicative hypertoric varieties indexed by complex
moment map parameter β. This space is obtained from (T∗Cn)◦ by performing a
complex Hamiltonian reduction with 0 real moment map parameter and unfixed
complex moment map parameter; in other words, it is the GIT quotient (T∗Cn)◦/T.
This space has a residual complex moment map to T∨. Technically, since we would
like a schober on t∨ rather than T∨, we must pull back this space along the universal
cover t∨ → T∨; we denote the resulting pullback by X.
As desired, this space carries a map X→ t∨, with fiber Xβ over β ∈ t∨ given by the
multiplicative hypertoric varietyU(β,1). The critical locus of this map is the hyperplane
arrangement Dper; the fibers become progressively more singular as one moves to
higher-codimension faces of the arrangement.
Now we would like to apply Definition 5.13, with schober skeleton given fiberwise
by the usual skeleton L on smooth fibers, and its degenerations on singular fibers.
However, this doesn’t literally make sense as stated, since the total space of the family
X is not smooth.
Nevertheless, X is the Hamiltonian reduction of a smooth space. Write X for the
pullback of (T∗Cn)◦ along the universal cover t∨ → T∨: now, by definition, X is
obtained from X as a Hamiltonian reduction by the compact torus TR. Using the
heuristic that the geometry of X is the T-equivariant geometry of X, we can associate
a schober to X by starting with a schober associated to X and passing to T-invariants.
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So suppose that L is a schober skeleton for X which is invariant under the action
of the torus TR on X. (In our case, we have such a Lagrangian, given by the preimage
ofL under the TR-quotient.)
Then for any TR invariant open subset U, the category µShcL (U) is graded by
the character lattice of T, and we can pass to the T-invariant category µShcL (U)T
by picking out the zero-weight part. In other words, if we write µShcL (U) as the
category of modules over an algebra A, then A will have a map from the group
algebra C[pi1(T)], and we can write µShcL (U)T as modules over the algebra obtained
from A by imposing the relation γ = 1 for all monodromies γ.
We therefore define the conjectural schober associated to the family X as follows:
Definition 5.14. Suppose that L is a schober skeleton for X which moreover is TR-
equivariant. Then we associate toL the following set of data:
• To a stratum C of t∨R, the we assign the category DC = µShcL (LC)T.• For an inclusion C′ ≤ C of strata, we define restriction functors δC′C : DC → DC′ , by
functoriality of the cosheaf (µShcL )T along the inclusionLC → LC′ .
As for Definition 5.13, we will not show that this defines a schober in general.
However, for family X and equivariant schober skeleton L as above, we can check
that this does define a schober by computing it explicitly:
Theorem 5.15. For X and L as above, the data defined by Definition 5.14 are isomorphic
to the data of the B-side perverse schober from Definition 5.7. (In particular, Definition 5.14
does in fact define a perverse schober in this case.)
Proof. First of all, to simplify the situation, we pass from X to its universal cover,
which we can do relative to the map X→ t∨, and work equivariantly with respect to
the group of deck transformations. Thus, let Xsc be the pullback of (T∗Cn)◦ along the
map d∨ → D∨ and Lsc the pullback of its skeleton. These both carry a free fiberwise
action of pi1(D/T) = g∨Z, with respective quotients X andL .
The periodic hyperplane arrangement H in d∨R which encodes the structure of
the skeleton Lsc is particularly simple: the arrangement H is given by all integer
translates of the coordinate hyperplanes. In other words, the skeleton Lsc is a Zn
worth of copies of (P1)n, glued together along their boundaries.
Let C be a stratum in t∨R. Recall that we write UC for the preimage of the star of C
under the projection map d∨R → t∨R, and HC for the hyperplane arrangement in UC
defined by the intersection UC ∩H . This hyperplane arrangement is the moment-
map X-ray for the LagrangianLsc,C. Thus, for each C, the category µShcLsc(Lsc,C) is the
dg category of modules over the quiver with relationsQC appearing in Definition 5.7.
Passing to g∨Z-invariants, we conclude that the category µSh
c
L (LC) is the dg category
of modules over the quotient of this quiver by g∨Z.
Finally, for each C, we need to impose we need to impose T-equivariance on
the category QC/g∨Z -moddg . As in the discussion preceding Definition 5.14, this is
accomplished by imposing the relations γ = 1 for γ ∈ pi1(T). Thus, we have an
equivalence
DC  AC -moddg
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between the category DC which the equivariant A-side schober assigns to C and the
category AC -moddg assigned to C by the B-side schober of Definition 5.7. And in
either case, for an inclusion C′ ≤ C of strata, the specialization functor δCC′ is obtained
from the inclusion of quiversQC ↪→ QC′ corresponding to the inclusionHC ⊂HC′ of
hyperplane arrangements. Since these specialization functors determine all the data
of the perverse schober, we conclude that the two schobers are equivalent.

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